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Closed characteristics on compact 
convex hypersurfaces in R 2n 

By Yiming Long and Chaofeng Zhu* 
Abstract 

For any given compact C 2 hyper surf ace S in R 2n bounding a strictly con- 
vex set with nonempty interior, in this paper an invariant £n(E) is defined and 
satisfies f? n (£) > [n/2] + 1, where [a] denotes the greatest integer which is not 
greater than a £ R. The following results are proved in this paper. There 
always exist at least £> n (E) geometrically distinct closed characteristics on S. 
If all the geometrically distinct closed characteristics on £ are nondegenerate, 
then £> n (S) > n. If the total number of geometrically distinct closed charac- 
teristics on £ is finite, there exists at least an elliptic one among them, and 
there exist at least £n(E) — 1 of them possessing irrational mean indices. If 
this total number is at most 2^ n (S) — 2, there exist at least two elliptic ones 
among them. 



1. Introduction and main results 

1.1. Main results. Let £ be a C 2 -compact hypersurface in R 2n bounding 
a strictly convex compact set C with nonempty interior, where £ has a non- 
vanishing Gaussian curvature. In this paper we study closed characteristics 
on such hypersurfaces. Without loss of generality, we may assume £ C . We 
denote the set of all such hypersurfaces in R 2n by Ti(2n). For x € £, let 
N-£,(x) be the outward normal unit vector at x of £. We consider the dynamics 
problem of finding r > and an absolutely continuous curve x: [0, r] — > R 2n 
such that 



(1.1) 



x(t) = JNs(x(t)), x{t) e E, for all t G R, 
x(t) = x(0), 
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where J = I ^ J ) is the standard symplectic matrix on R 2n . A solution 



I o 

(r, x) of the problem (1.1) is called a closed characteristic on E. Two closed 
characteristics (r, x) and (<r, y) are geometrically distinct, if x(R) / y(R). We 
denote by ,7(S) and J{T,) the set of all closed characteristics (r, x) on E with 
r being the minimal period of x and the set of all geometrically distinct ones 
respectively. For (r, x) G .7(E), we denote by [(r, x)] the set of all elements in 
■7(E) which are geometrically the same as (r, x). ^ A denotes the total number 
of elements in a set A. 

To cast the given energy problem (1.1) into a Hamiltonian version, we 
follow §V.3 of I. Ekeland's celebrated book [12]. Fix a E G H(2n) bounding a 
convex set C. Then the origin is in the interior of C. Let jc '■ R 2ri — ► [0, +od) 
be the gauge function of C defined by 

(1.2) j c {0) = and j c (x) = inf |a > | ^ G cj for x / 0. 

Fix a constant a satisfying 1 < a < 2 in this paper. As usual we define the 
Hamiltonian function H a : R 2 ™ — > [0, +oo) by 

(1.3) H a (x) = j C (x) a , for all x G R 2n . 

Then # Q G C^R^R) n C 2 (R 2n \ {0},R) is convex and E = iJ-^l). It is 
well-known that the problem (1.1) is equivalent to the following given energy 
problem of the Hamiltonian system 



(1.4) 



x(t) = JH' a (x(t)), H a {x(t)) = 1, for all t G R. 
x( T ) = x (0). 



Denote by ,7(E,a) the set of all solutions (r, x) of the problem (1.4) where r 
is the minimal period of x, and by J(T,, a) the set of all geometrically distinct 
solutions of (1.4). Note that elements in c7(S) and ,7(E,a) are one-to-one 
correspondent to each other. 

Let (r, x) G J(Y,,a). The fundamental solution ^y x : [0,r] — > Sp(2n) with 
7a; (0) = I oi the linearized Hamiltonian system 

(1.5) = JH'u(x(t))y(t), for all t G R, 

is called the associated symplectic path of (r, x). The eigenvalues of ^ x (r) are 
called Floquet multipliers of (r, x). By Proposition 1.6.13 of [12], the Floquet 
multipliers with their multiplicity and Krein signs of (r, x) G ,y(S) do not 
depend on the particular choice of the Hamiltonian function in (1.4). For any 
M G Sp(2n), we define the elliptic height e(M) of M to be the total algebraic 
multiplicity of all eigenvalues of M on the unit circle U = {zGC||z| = l}in 
the complex plane C. Since M is symplectic, e(M) is even, and < e(M) < 2n. 
As usual a (r, x) G c7(E) is elliptic, if e(7 x (r)) = 2n. It is nondegenerate, if 1 



COMPACT CONVEX HYPERSURFACES IN R 2 



319 



is a double Floquet multiplier of it. It is hyperbolic, if 1 is a double Floquet 
multiplier of it, and e(7 x (r)) = 2. It is well-known that these concepts are 
independent of the choice of a > 1. 

The study on closed characteristics in the global sense started in 1978, 
when the existence of at least one closed characteristic on any £ G TL(2n) was 
first established by P. Rabinowitz in [37] (for star-shaped hypersurfaces) and 
A. Weinstein in [44] independently. In I. Ekeland and L. Lassoued's [15], I. 
Ekeland and H. Hofer's [13] of 1987, and A. Szulkin's [39] of 1988, *J{Y 1 ) > 2 
was proved for any £ G TL(2n) when n > 2. 

In [11] of I. Ekeland in 1986 and [27] of Y. Long in 1998, for any £ G H{2n) 
the existence of at least one nonhyperbolic closed characteristic on £ was 
proved provided #JT(£) < +oo. In a recent paper [31] of Y. Long, it was proved 
that for any £ G H(4), if #</(£) = 2, both of the two closed characteristics 
must be elliptic. 

Let N denote the set of natural numbers. Our following main results in 
this paper generalize the above mentioned results. 

Definition 1.1. For a G (1, 2), we define a map g n :7i(2n) -»NU {+00} 

by 
(1.6) 

+00 if#V(£,a) 

= +00, 

min{[ i(s,i)+2S+(x)- l/ (*,i)+n ] J [( r , x )] G Voo (S,a)}, if #V(E,a) 

< +00, 

where (i(x, 1), v(x, 1)) is the Maslov-type index of (r, x) defined in §1.2, S + (x) 
is the splitting number of (r, x) given in Definition 1.3, and V(£,a) and 
Voo(E,a) are given by Definition 1.4 below. 

Note that when #jf(E) < +00, the set Voo(E,a) is nonempty and finite. 
By Lemma 5.1 below, £ n (£) does not depend on the choice of a G (1,2) and 
is a shape invariant, i.e., is independent of dilations of E. 

Theorem 1.1. For every E G H{2n), 

(1.7) #7(£) > £„(£), 

and 

71 

(1-8) ME) > [3] + 1. 

where [a] = max{fc G Z | k < a} for any a G R. 

Corollary 1.1. Fix E G H(2n) and a G (1,2). Suppose every (r, x) G 
v7(E, a) satisfies 

(1.9) i(x,l) +25+(x) -i/(x,l) > n. 



£>n(£) 
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Then 

(1.10) ft,(E) > n. 

If every (r, x) G J7(S) is nondegenerate, (1.9) holds. In particular, 

(1.11) # J(S) > n. 

Theorem 1.2. For any S G H{2n) satisfying ^J{Ti) < +oo, t/iere exists 
at Zeast one elliptic closed characteristic on S. 

Theorem 1.3. For any £ G H(2ri) satisfying #</(£) < +oo, t/iere exist 
at /east £ n (£) — 1 ( > [^]) geometrically distinct closed characteristics on S 
possessing irrational mean indices. 

Theorem 1.4. Let X G H(2n) luit/i n > 2. Suppose 

(1.12) #J(£) < 2<? n (£) - 2 < +oo. 

T/ien t/iere exist at /east two elliptic elements in J{T,). In particular, by (1.8) 
t/iere are at least two elliptic elements in J7(S) provided 



(1.13) # J(S) < 2 



The study of these problems can be traced back to pioneering works [22] 
of A. Liapunov in 1892 and [21] of V. J. Horn in 1903. Other related sig- 
nificant progress can be found in [43] of A. Weinstein, [36] of J. Moser, and 
[3] of T. Bartsch for local results, in [12] of I. Ekeland, [8] of G. Dell' Antonio, 
B. D'Onofrio, and I. Ekeland, and [20] of H. Hofer, K. Wysocki, and E. Zehnder 
for global results, and in [14] of I. Ekeland and J.-M. Lasry, [1] of A. Ambrosetti 
and G. Mancini, [17] of M. Girardi, [19] of H. Hofer, and [4] of H. Berestycki, 
J.-M. Lasry, G. Mancini, B. Ruf for results under pinching conditions. 

A typical example of £ G H(2n) is the ellipsoid £ n {r) defined as follows. 
Let r = (ri, . . . , r n ) with r^ > for 1 < k < n. Define 

(1.14) £ n (r) = {x = (xx, . . . , x n ) G R 2n | ^ = l) • 

I 1 k=l r k J 

If rj/rk is irrational whenever j ^ k, this £ n (r) is called a weakly nonresonant 
ellipsoid. In this case there are precisely n geometrically distinct closed char- 
acteristics on S n (r), and all of them are elliptic and nondegenerate (cf. §1.7 of 
[12])- 

It was conjectured some time ago (cf. p. 235 of [12]) that every £ G 7i(2n) 
possesses always at least n geometrically distinct closed characteristics. By our 
result, we suspect that the lower bound number [|] + 1 found in Theorem 1.1 
is the best one can hope for. We also suspect that for any £ G H(2n), if 
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*i7(S) < +00, every (r, x) G i7(S) should be elliptic. This is true for H(4) in 
view of Theorem 1.6 of [31] and the above Theorem 1.4, and a result [20] by H. 
Hofer, K. Wysocki, and E. Zehnder which shows that < +00 implies 

*J{^) = 2 when £ G W(4). 

In the rest of this section, we introduce the quantities used in the above 
theorems and describe our main ideas in their proofs. We use some ideas from 
[12], [27], and [31]. 

1.2. Maslov-type index functions and splitting numbers. As usual, the 
symplectic group Sp(2n) is defined by 

Sp(2n) = {M G GL(2n, R) | M T JM = J}, 

whose topology is the one induced from that of R 4 " 2 . We are interested in 
paths in Sp(2n): 

V T (2n) = {7 G C([0,r], Sp(2n)) | 7 (0) = /}, 

which is equipped with the topology induced from that of Sp(2n). The follow- 
ing function is introduced in [28] : 

D U (M) = (-l)"- 1 uJ ri det(M - ul), for all u G U, M G Sp(2n). 

It is proved in [28] that this function is real. Thus for any uj G U we can define 

Sp(2n)° = {M G Sp(2n) | D U (M) = 0}. 

This gives a codimension-1 hypersurface in Sp(2n). For any M G Sp(2n)2,, we 
define a co-orientation of Sp(2n)° at M by the positive direction ^Me tsJ \t=o 
of the path Me teJ with < t < 1 and e > sufficiently small. We also define 

Sp(2n): = Sp(2n) \ Sp(2n)° , 

V^(2n) = { 7G p r (2n)| 7 (r)GSp(2n):}, 

V%{2n) = V T (2n)\V* Ty j2n). 

For any two continuous arcs £ and 77 : [0, r] — > Sp(2n) with ^(r) = r/(0), we 
define as usual: 

«2t), if0<t<r/2, 
77 Utj "U(2t-r), ifr/2<t<r. 



Given any two 2mfc x 2mfc matrices of square block form = 



( A k B k 

with fe = 1, 2, as in [9], the o-product of M\ and M2 is defined by the following 
2(m\ + m 2 ) x 2(mi + m 2 ) matrix Mi o M 2 : 

/Ai B x \ 

A 2 B 2 

Ci Di 

V C 2 L> 2 / 



Mi oM 2 
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Denote by M ofc the A;- fold o-product Mo- • -oM. Note that the o- multiplication 
is associative, and the o-product of any two symplectic matrices is symplectic. 
For any paths 7j - G V T (2nj) with j = and 1, define 70 o 71 (t) = 70 (t) o 71 (t) 
for all t G [0,t]. 

We define a special path £ n G V T (2n) by 

(1-15) = ( r (2-±)-iJ ' for0 <*<^ 

Definition 1.2. Let w £ U. For any M G Sp(2n), 
(1.16) i/ w (M) = dime ker c (M - wJ). 

For any r > and 7 G V T (2n\ 

(1-17) i/ w (7) = " W (7(r)). 

If 7 G7>*j2n), 

(1.18) i w ( 7 ) = [Sp(2n)° : 7 *& 

where the right-hand side of (1.18) is the usual homotopy intersection number, 
and the orientation of 7 * £ n is its positive time direction under homotopy 
with fixed end points. If 7 G V^ L0 (2n), we let be the set of all open 

neighborhoods of 7 in V T (2n), and define 

(1.19) i w ( 7 )= sup inf{^(/3)|/3G [/n^(2n)}. 
Then 

M7)," w (7))€Zx{0,l 1 ... ) 2n}, 
is called the index function of 7 at w. 

Note that the right-hand side of (1.19) is always finite by Proposition 4.5 
and Corollary 4.6 of [26], as well as by Theorem 2.6 and Corollary 2.7 of [29]. 

For any symplectic path 7 G V T (2n) and m G N, we define its m th iteration 
7 m : [0, mr] -► Sp(2n) by 
(1.20) 

7 m (t) = 7 (t - jr)7(r) J , for all jr < t < (j + l)r, j = 0, 1, . . . , m - 1. 

We still denote the extended path on [0, +00) by 7. 

Fix a S G 7i(2n) and a real number a G (1, 2). For any (r, x) G i7(S, a) 
and m G N, we define its m th iteration x m : R/ (mrZ) — > R 2n by 

(1.21) x m (t) = x(t-jr), for all jr < t < (j + 1)t, j = 0, 1, . . . , m - 1. 

We still denote by x its extension to [0, +00). 
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Definition 1.3. For any 7 G V T (2n), 

(1.22) (i( 7 ,m),i/(7,m)) = (ii( 7 m ),i/i( 7 m )), for all m G N. 
The mean index 1(7, m) per mr for m 6 N is defined by 

(1.23) 1(7, m)= hm . 

For any M G Sp(2n) and w 6 U, we define the splitting numbers S^(lo) of M 
at lo by 

( L24 ) 5 mM = e j™. W P (±^=T e )(7) - *«(7), 

for any path 7 6 V T (2n) satisfying 7(r) = M. 

For £ G H(2n) and a G (1,2), let (r,x) G J{Z,a). We define 

(1-25) S+(x) = 5+ (T) (l), 

(1.26) (z(x,m),i/(x,m)) = (1(7^, m), 1/(7^, m)), 

(1.27) i(x,m) = i(7 x ,m), 

for all m G N, where j x is the associated symplectic path of (r, x). 

As proved in [29], the mean index i(j,m) is always a finite real number, 
and the splitting numbers topologically defined above are independent of the 
choice of 7 and a complete algebraic characterization of splitting numbers is 
given by Theorem 4.11 of [29] (i.e., Theorem 6.6 below). Note that by (5.7) 
of [29], 

(1.28) jtm(7, 1) = 7(7, m), for all m G N, 7 G V T (2n). 

The above Maslov-type index theory (^1(7), ^1(7)) for 7 G V T (2n) was 
defined by C. Conley and E. Zehnder in [7] of 1984 when n > 2 and 7 G 
P*i(2n), by Y. Long and E. Zehnder in [33] of 1990 when n = 1 and 7 G 
7 7 * 1 (2n), by Y. Long in [23] and C. Viterbo [41] in 1990 independently, when 
7 G V®i(2n) is the fundamental solution of some linear Hamiltonian system 
with continuous symmetric r-periodic coefficients, and by Y. Long in [26] of 
1997 for any 7 G P° 1 (2n). The index function (^(7), 1^(7)) with u G U, 
the Maslov-type mean index i(j,m), and the splitting numbers S^(lo) were 
defined by Y. Long in [29] of 1999. 

1.3. Variational setting of the problem. Fix S G TL{2n) and a G (1,2) for 
the rest of this section. To solve the given fixed energy problem (1.4) as in [12] 
but with our J in (1.1) instead, we consider the following fixed period problem 
with H a defined by (1.3): 



(1.29) { 



z(t) = JH' a (z(t)), for all t G R, 

z(l) = z(0). 
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Define 

(1.30) E = ju G ( R / Z) R 2«) i ^ ndt = o J _ 

The corresponding Clarke-Ekeland dual action functional / : E — > R is defined 
by 

(1.31) f(u) = £^(J U ,Uu) + H*(-J U )^dt, 

where IIu is defined by ^Hu = u and Jq Uudt = 0, and the usual dual function 
H* of H a is defined by 

(1.32) K{x)= sup ((x,y)-i7 Q (y)). 

y eR, 2n 

Here (•, •) denotes the standard inner product of R 2n . Then / G C 2 (E, R). 

Suppose u £ E \ {0} is a critical point of /. By Chapter V of [12], there 
exists £ u G R 2 ™ such that z u (t) = Hu(t) + £ u is a 1-periodic solution of the 
problem (1.29). Let h = H a (z u {t)) and 1/m be the minimal period of z u for 
some m G N. Define 

(1.33) z u (t) = br 1 l a z u (hQ- a V a t) and r = l^" 2 )/ . 

Then x u (t) G S for all i G R and (r, x u ) G i7(S,a). Note that the period 1 of 
z u corresponds to the period mr of the solution (mr, x™) of (1.4) with minimal 
period r. 

In [10] to [12], I. Ekeland defined his Morse-type index theory for the 
functional / at its critical points u. The relationship between the Ekeland 
index and the above Maslov-type index is given in the following lemmas. 

Lemma 1.1 (cf. [6] for the nondegenerate case, Lemma 1.3 of [27] for 
degenerate case, and Theorem 3.2 of [34] for a different proof). For u and z u 
defined as above, 

(1.34) i(z u , 1) = if(u) + n and v{z u ,l) = vf (u). 

Lemma 1.2 (cf. Lemma 1.4 of [27]). For z u , x u , r and m defined as 
above, 

(1.35) i(x u , m) = i(z u , 1) and v(x u ,m) = v(z u ,l). 

On the other hand, every solution (r, x) G i7(£, a) gives rise to a sequence 
{4}meN of solutions of the given period-1 problem (1.29), and a sequence 
{ u m}m&i of critical points of / defined by 
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(1.36) z^(t) = (mr)- 1 /(2-«) x ( mrt ) ) 

(1.37) u x m {t) = {mT)^- l ^^- a h{mTt). 

Thus, from the above discussion we obtain: 

Corollary 1.2 (cf. Proof of Corollary 9.4 of [9] for a direct proof). For 
any (t,x) G J(E,a), 

(1.38) i(x,l)>n. 

Following §V.3 of [12], we denote by "ind" the Fadell-Rabinowitz 5 1 -action 
cohomology index theory for ^-invariant subsets of E defined in [12] (cf. [16] 
of E. Fadell and P. Rabinowitz for the original definition and Appendix 2 of 
this paper). For [f] c = {u G E \ f(u) < c}, the following critical values of / 
are defined 

(1.39) c k = inf{c < | ind([/] c ) > k}, for all fceN. 

Based upon [40] and Proposition 2 on p. 443 of [13], the following important 
result is given in Theorem V.3.4 of [12]: 

Theorem 1.5. For any k G N, there exists u G E such that f'(u) = 0, 
f(u) = c fe , and 

if(u) <2k-2< if(u) + uf(u) - 1. 

By the Maslov-type index theory defined above, Theorem 1.5 and results of 
Ekeland et al. contained in (V.3.21), (V.3.22), Proposition V.3.3, and Theorem 
V.3.4 in the Section V.3 of [12] can be rephrased as follows in Theorem 1.6, 
which forms one of the bases of our proof. 

Theorem 1.6. 



(1.40) -oo < ci = inf f(u) < c 2 < • • • < c k < c k +i <■■■<(), 

(1.41) c k ->■ as ^ +oo, 

(1.42) *J{Y.) = +oo if 

Ck = Cfe+i for some k G N. 
For any given k G N, there exists (r, x) G J(Yi,a) and m G N such that for 

(1.43) u x m {t) = (mT^-WQ-^ximTt), 0<t<l, 
there hold 

(1.44) /'«) = 0, f(u x m ) = c k , 

(1.45) i(x,m) < 2k — 2 + n < i(x, m) + v(x, m) — 1. 



Based upon (1.44) and (1.45), the following definitions are as introduced 
in [27]. 
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Definition 1.4. For any £ G W(2n) and a G (1,2), (r,x) G J"(S,Q;) 
is (m, k)-variationally visible, if there exist some m and k G N such that 
(1.44) and (1.45) hold for u x m defined by (1.43). We call (r,x) G ,7(£,a) 
infinite variationally visible, if there exist infinitely many (m, k) such that 
(r, x) is (to, fc)-variationally visible. We denote by V(£,a) (or Voo(S,a)) the 
subset of i7(X, a) in which a representative (r, x) G J"(S, a) of each [(r, x)] is 
variationally visible (or infinite variationally visible). 

1.4. Main new ideas and sketch of proofs. We explain our ideas in the 
proof of Theorem 1.1 first. As in [27], we define the m th index interval of 
(t, x) G i7(£, a) by the closed interval 

(1.46) T m (r,x) = [i(x, m), z(x, to) +^(x,m) — 1]. 
We call the set 

(1.47) X(r,x)= |J T m (r,x), 

m>l 

the index cover set of (r, x). In Theorem 2.3 below, the following new iteration 
inequality of the Maslov-type index theory is proved for any (r, x) G J(Y>,a): 

(1.48) i(x, m + 1) - i(x, m) - m) > i(x, 1) - e ^ r ^ + 1 

(1.49) > i(x, 1) - n + 1, for all m G N. 

Here we should point out that (1.48) and (1.49) always hold without the con- 
vexity condition on E if we delete the 1 from the right-hand sides of these 
two inequalities. To get the sharper estimate with 1, we used the convexity 
condition via the following splitting lemma. 

Lemma 1.3 (Lemma 3.2 of [27]). Fix S G H(2n) and a G (1, 2). For any 
(t, x) G J~(T,,a), there exist P G Sp(2n) and M G Sp(2n — 2) such that 

(1.50) 7x (r) = P- 1 (N 1 (1,1)oM)P, 

i r 



where Aq(l, 1) = 



1 



The inequality (1.49) specially implies that all index intervals of (r, x) are 
mutually disjoint, and introduces a way to estimate the ellipticity of (r, x) in 
terms of its iterated Maslov-type indices for some m G N. Note that because 
the system (1.4) is autonomous, we always have 

(1.51) u(x,m) > v(x,l) > 1. 
Together with Corollary 1.2 and (1.49), we then obtain 

(1.52) i(x, 1) > 2, for all (r, x) G J"(E, a). 
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Now (1-45) can be restated as 

(1.53) 2N-2 + nC |J X(t,x). 

[M]6.7(S,q) 

We call integers in the sequence 2N — 2 + n effective integers. 
Now in the following we suppose 

(1.54) *J(Z) < +oo. 

Then by (1.42) no equality in (1.40) can hold, i.e., we must have 

(1.55) — oo < ci < C2 < • • • < Cfe < Ck+i < • • • < 0. 

Here we have used the multiplicity method of Fadell-Rabinowitz S 1 -index the- 
ory (cf. [16]) via Theorem V.3.4 of [12]. Note that here each c& corresponds 
uniquely to an effective integer 2k — 2 + n. We observe that in this case there 
is a one-to-one correspondence between the effective integers and index inter- 
vals of all closed characteristics [(r, x)] in Voo(S, a). In other words, under the 
condition (1.54), an injective map p : N — > Voo(S,a) x N can be defined by 
(1.44), (1.45), and (1.55). We refer to Section 3 below for the precise definition 
of the map p. 

From our observations on the weakly nonresonant ellipsoid as well as the 
study on the case of H(4) in [31], we noticed that in order to maximize the 
effect of the Fadell-Rabinowitz 5 1 -index theory, instead of the index interval 
1 m {r, x), we should consider the largest open interval which contains X m (r, x), 
possesses no part of any other index interval of (r, x), and still can be used as 
the target of the map p. This leads to our introduction of the index jump of 
(t,x). 

Definition 1.5. For S G TL{2n) and a G (1,2), we define the m th index 
jump Q m (r, x) of (r, x) G i7(S, a) to be the open interval 

(1.56) G m (T, x) = (i(x, m) + v(x, m) — 1, i(x, m + 2)). 

When (1.54) holds, we have Voo(S, a) ^ and we write 

(1.57) Voo(S, a) = {[(tux!)], [(r q , x q )}}. 

We will show that based on the estimates (1.38) and (1.52), there are 
infinitely many chances that the index jumps of all the q closed characteristics 
contain common intervals. In fact, it will be one of the important steps to 
show that there exist infinitely many (N, mi, ... , m q ) G N 9+1 such that 

q 

(1.58) ^ [2N - ku 2N + k 2 ] C f| G^-ifa, Xj ), 

3=1 
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where 

(1.59) Ki = Ki(T,,a) = mm(i(xj,l) + 2S^ T ^(l)-v(xj,l 

(1.60) K2 = K2(T,,a) = min (i(xj, 1) — 1). 

i<i<g 

By the Fadell-Rabinowitz S^-index theory and our above discussion on 
the map p, there is a one-to-one correspondence between the effective integers 
contained on the left-hand side interval of (1.58) and the index jumps on the 
right-hand side of it. Together with comparisons on m, K2, and £> n (£), we have 

(1.61) q > * ((2N -2 + n)n[2iV - K \,2N + k 2 ]) 

(1.62) > <>„(£). 

Then by the complete understanding on the splitting numbers given in [29] 
(Theorem 6.6 (Appendix) below), the estimate (1.38), and the above Definition 
1.1 of QnO^), we obtain 



(1.63) g n (E) > 



+ 1. 



This yields the results of Theorem 1.1 when we assume (1.58). 

Now the existence and size of the interval [27V — k\,2N + kz] in (1.58) is 
very crucial for our multiplicity results. The proof of (1.58) depends on the 
new abstract precise iteration formula of the Maslov-type index theory proved 
in the Theorem 2.1 below for any (r, x) G J^(Y,,a), 

(1.64) 

i(x,m) = m(i( 7 ,l) + S+(l)-C(M))+2 £ E (^) S~ M (e^») 

9e(0,27r) V 1 

- (5+ (1) + C(M)) , for all m G N, 
where M = 7^ (r) , and 

(1.65) £(a) = min{/c G Z | k > a}, for all a G R, 

(1.66) C(M) = 2 5 M ( e ^ e ). 

0<6»<2tt 

Thus the change of i(x, m) in m consists of a linearly increasing term 
m(i(7, 1) + 5^(1) - C(M)), rotator terms S(^) with ^(e^ 6 ) > 0, and a 
bounded term. 

Then the control of the location and the size of the index jumps 
Q2m,j-i(Tj,Xj) for 1 < j < q depend on the control of all the rotators in terms 
of the iteration time 2m j — l's for 1 < j < q. The corresponding rotators are 
divided into two sets according to the rotation angle 0/{2tt) being rational or 
irrational. Now we choose a large enough integer mo so that multiplying by 
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2mo makes all the rational rotation angles 2mo9/(2ir) become integers. Then 
we require that each rrij has the form djuio for some dj G N to be determined 
later for 1 < j < q. For irrational rotators, we further choose the m/s so that 
(1.67) 

E (^) - E ^LlM^ = 1 or E ^ + _ E = l 

holds. Thus the largest jumps of irrational rotators are caught. This is realized 
by requiring 

to be sufficiently small, where {a} = a — [a] for a G R. These requirements 
will imply that the index jumps G2mj-i(Tj,Xj) get big enough sizes. To make 
them jump together we further require that all these m/s with 1 < j ' < q 
have a common integer factor N G N in some sense. By choosing this N 
carefully we fulfill the requirements on the rational and irrational rotators, 
specially (1.68), simultaneously. Therefore the problem is reduced to solving 
the following dynamics problem on the torus. Namely, for a given v G R fc , find 
infinitely many N G N such that the decimal part {Nv} is as close to some 
vertex x of the cube [0, l] k as one wants; i.e., for a given small e > 0, 

(1.69) |{AM - X \ < e. 

We observe that the closure of {{Nv} \ N G N} in the standard torus 
T fc = R fe /Z fe forms a closed additive subgroup of T k . Thus it must contain 
the identity element of T fc . This proves the existence of the point % and 
infinitely many integral 7V's. In Section 4 below, we prove this in such a way 
that the integers (N,mi, . . . ,m q ) G N 9+1 claimed in (1.58) can be chosen 
simultaneously. 

Here we notice that in the above arguments the convexity of S is only 
used to get estimates (1.38), the splitting Lemma 1.3, and the following weaker 
version of (1.52), 

(1.70) i(x, 1) > 0, for all (r, x) G J(E, a). 

Our main idea in the proof of Theorem 1.2 is to show the existence of 
one closed characteristic [(Tj,Xj)] found by Theorem 1.1 which makes both 
equalities hold in (1.48) and (1.49) for the chosen iteration time m = 2m j. 
Then it must be elliptic. This closed characteristic is minimal according to the 
injection map p in a certain sense. 

The proof of Theorem 1.3 depends on the understanding of the mean 
index sequence of iterations of closed characteristics. Under the assumption 
(1.54), we prove in Lemma 3.1 below that according to the ordering defined 
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by the injection map p, the corresponding mean indices of iterations of closed 
characteristics strictly increase; i.e., 

(1.71) < i(x j{s) ,2m j{s) ) < i(x j( t),2m j( t)), 

for p(k) = ([(Tj( k ), Xj(k))],2rnj( k )), with k = s or t, and 1 < s < t < £>„(£). 
Then we prove that if both mean indices i(xj^, 1) and i(xj( t ), 1) are rational, 
by our choice of the iteration time irij's, the two iterated mean indices in (1.71) 
must be equal to each other. This yields a contradiction. 

To prove Theorem 1.4, we further observe that the elliptic solution found 
in Theorem 1.2 corresponds to the vertex x of the cube [0, l] k in (1.69) via 
the injection map p. By Theorem 1.3, when n > 2 there exist at least two 
such vertices which make (1.69) hold. Then we prove that they produce two 
different elliptic closed orbits. 

This paper is organized as follows. In Section 2, we derive the abstract 
precise iteration formula (1.64) and the iteration inequality (1.49). In Section 3, 
we give the precise definition of the injection map p from effective numbers to 
iterations of closed characteristics. In Section 4, we prove the common index 
jump theorem based on properties of the torus group and iteration properties 
of the Maslov-type index theory established in [29] and [31]. In Section 5, we 
give the proofs of Theorems 1.1 to 1.4. For the reader's convenience, we give 
a brief review on the Maslov-type index and its iteration theory in Section 6. 
In Section 7, an appendix on the Fadell-Rabinowitz cohomology index given 
by John Mather is included. 

2. Iteration formula and inequalities 
of the Maslov-type index theory 

We refer readers to Sections 1 and 6 for a brief review on the Maslov- 
type index theory and its iteration theory. In the following, we shall establish 
an abstract precise iteration formula and new iteration inequalities for the 
Maslov-type index theory using notation in those two sections. 

2.1. Abstract precise iteration formulae of Maslov-type indices. For any 
M 6 Sp(2n), by Lemma 4.6 of [29] on the splitting numbers defined by (1.24), 
S m (uj) = if to g a(M). Thus C(M) = Eo<0<2*- S^e^ 16 ) defined in (1.66) 
is a finite sum. For any x £ R, in addition to the function E(x) given by 
(1.65), we further define functions [ • ], </>(■) : R — > Z and { • } : R — > (0, 1) by 

[x] = max{fc G Z | k < x}, 
4>{x) = E(x)-[x], 
{x} = x — [x]. 

Note particularly that <j>(x) = if x G Z, and <j>(x) = 1 if x Z. 
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Motivated by the precise iteration formula Theorem 1.3 of [31] (Theorem 
6.7 below), we prove the following abstract precise iteration formula: 

Theorem 2.1. For n G N, r > and any path 7 G V T (2n), set M = 
7(7"). Extend 7 to i/te whole [0, +00) (1.20). T/ien /or any m G N, 

(2.1) »( 7 ,m) = m« 7 ,l) + ^(l)-C(M)) 

(9e(0,27r) V 7 

Proof. Note that by Section 4 of [29] , for a fixed path 7 the index i u (7) is 
a step function in w G U with possible jumps only at eigenvalues of M = 7(7-) 
on U. The splitting numbers S^^o) measure the jumps between ^0(7) an d 
nearby from two sides of ujq in U. There, S^(u) = if u <r(M). 

Therefore for any u; = e^"^ G U with < #0 < 27r, we denote by Uj, with 
1 < j < P0) the eigenvalues of M on U which are distributed counterclockwise 
from 1 to ujq and located strictly between 1 and too- Then we have 



(7) = i( 7 , 1) + 5+ (1) + £ (-5 M (^-) + 5+ K)) - 5 M (^ ) 

j'=i 

= *(7,i)+ E ^(^)- E M e ^)- 



O<0<0 O O<6K0 O 
Thus by the Bott-type formula in Appendix 1, Theorem 6.3, for any m G N, 

(2.2) 

= E *w(7) 



UJ m = l 



m— 1 



<( 7 ,i) + E ^) + E ^m(^)- E 5 m(^ 

fe=i \ <6»<^ o<e<2^ 

\ — m — m 

i( 7 ,l) + (m-l) (i( 7 ,l) + 5+(l 



-10 



+ E 



^19 



(2.3) 



E S+(e 

6>S(0,27r) \ ™£ <fc<m _i 

t( 7 ,l) + (m-l) (z( 7 ,l) + «S+(l) 



E 



2^<fc<m-l 

Z7T — — 



+ £ 

ee(o,2vr) 



m — 1 — 



2vr 

m(27r - 6) 
2^ 
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Here to get (2.3) from (2.2), we have used the fact that [m — x] = m — [x] for 
x G Z and [m — x] = m — [x] — 1 for x G" Z to count the number of k's in the 
given intervals. 

By Lemma 4.6 of [29], 

(2.4) = Sm(uj), forall^GU. 

Thus by regrouping terms in (2.3) according to S]^(u;) with 10 G U, we get 

(2.5) 



i( 7 ,m) = i(7,l) + (m-l)(i( 7 ,l)+5+(l)) + (m-l-2 



rn 
~2 



+ E 

0e(O,7r) 



E 

6»S(0,7r) 



m — 1 



m(27r 



+ — 1 

m(2vr - Q) 



2vr 



2vr 







i( 7) 1) + (m - 1) (i( 7 , 1) + 5+ (1)) + (m - 2 

+ ^ ( ( m - 1 - 2 

ee(o,7r) 



+ m - 1 - 2 



2tt 

m(27r-^) 



S M (e^-V) 



2vr 



Since E(x) + [y] = x + y if x, y G R and x + y G Z, from (2.5) we obtain 
(2.6) i( 7 ,m) = i(7,l) + (m-l)(i( 7 ,l)+5+(l)) 



+ (^2£ 

+ E 

6»e(0,7r) 



2£ 



m + l)j5-(-l) 
m(2vr - 9) 



2vr 



■ (m + 1)) S M (e^-V) 

+ (2E(^)- (ra + l))^(e^)) 
= i( 7) 1) + (m - 1) (i( 7 , 1) + 5+ (1)) - (m + l)C(M) 

ee(o,27r) v 7 

Here to get (2.6), we have used the definition (1.66) of C{M). This yields 
(2.1). □ 

Remark 2.1. By direct verification, Theorem 2.1 coincides with Theorem 
6.7 below. 
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Corollary 2.1 (cf. Theorem 1.5 of [29], Corollary 5.1 of [31]). For any 
t > and 7 G V T (2n), set M = 7(7-). Now, 
(2.7) 

i( 7 ,l)= lim %^ = z( 7 ,l)+5+(l)-C(M)+ ]T ^S M (e^~ w ). 

fc ^(0,2.)^ V ' 

2.2. iVeu> iteration inequalities of Maslov-type indices. Now we give new 
increasing estimates of the iterated Maslov-type indices by the following The- 
orems 2.2, 2.3 and 2.4. The proof of our main results in later sections of this 
paper will depend only on Theorems 2.2 and 2.3 here. The proof of Theorem 
2.2 relies on the precise iteration formula in Theorem 6.7 below. This method 
actually gives us a way to detect and to prove or disprove whether a proposed 
iteration inequality of the Maslov-type index theory is correct whenever it can 
be reduced to an inequality of symplectic additive index terms. Theorem 2.4 is 
a generalization of Theorem 2.2. Our proof of Theorem 2.4 is rather different 
from and shorter than that of Theorem 2.2. This proof depends on special 
properties of the proposed inequality, the above Theorem 2.1, and complete 
understanding of splitting numbers given by Theorem 6.5 below. 

Theorem 2.2. For n G N, r > 0, and 7 G V T {2n), set M = 7(7-). We 
extend 7 to [0, +00) by (1.20). Then for any m G N, there holds 

e(M) 

(2.8) „( 7)m )__v_2 < i( 7 , m + l)-i( 7 ,m)-i(7,l) 

(2.9) < ^7,l)-^7,m + l) + ^l, 

where e(M) is the elliptic height defined in Section 1. 

Proof. Without loss of generality, we may set r = 1. By Theorem 6.5, 
there exist / G C([0, 1], fi°(M)) and basic normal forms Mi, . . . , M p G Sp(2) 
and Ni,...,N q G Sp(4) such that 

(2.10) /(O) = M, /(l) = MiO---oM 3 ,o7V 1 o---oAr (Z . 

Since Sp(2n) is path connected, we can pick up paths £j G "Pi (2) and rjj G "Pi (4) 
such that &(1) = Mj and ^(1) = Nj for 1 < i < p and 1 < j < q. 
For k G Z, we define a new path /3 G V\(2n) by 

/ 211 ) a = f(6*02fe 7 r,l) <> 6o---^O^lO---O%, if P > 1, 

I (??l*(</>2fc7r,l <>/ 2))0??20---0^, if p = 0, 

where ^,1 is as defined in Section 6. By this construction and the definition 
of/(l), ' 

(2.12) v(J3, 1) = 1/(7, 1) and e (/J(l)) = e(/(l)) < e(M). 
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Since the curve / is in Q°(M), we can fix a k G Z in (2.11) such that 

(2.13) i(/?,l) = *(7,l)- 
Thus by Theorem 6.2, 

(2.14) j8~i7 on [0, 1] along /. 
Extending this homotopy to [0, 1] x [0, m] for any m G N, we have 

(2.15) j8~i7 on [0,m] along / m , 

where f m (s) = f(s) m for any s G [0, 1]. Then by Theorem 6.1, we obtain 

(2.16) i((3,m) = 2(7,777.), m) = 1/(7, m), for all m G N. 

So by (2.12) and (2.16), it suffices to prove (2.8) and (2.9) for the path 0. 

Note that all terms in the two inequalities (2.8) and (2.9), except the 
elliptic height e(7(l)), are symplectically additive and homotopy invariant. 
When we consider the path /3, the elliptic height is also additive in terms 
of the decomposition of 0(1) = /(l) in (2.10). Thus by (2.10), (2.11), and 
Theorem 6.1, the proofs of both (2.8) and (2.9) for the path (5 are reduced to 
those for each component path of (3 in (2.11), i.e., any path in V\(2) or 7 3 i(4) 
ending at a basic normal form of symplectic matrices defined in Section 6. 

Next we continue our proof on paths ending at these normal forms in eight 
cases according to all the different patterns of iteration formulae. 

Case 1. 7 G V T (2) and M = 7(1) = iVi(l,6) with b = 1 or 0. In this 
case by Theorem 6.7 (or Theorem 3.4 of [31]), we have 

(2.17) e(M) = 2, I /( 7 ,l) = 2-6, 

(2.18) i(7,m) = m(i(j, 1) + 1) - 1, 1/(7, m) = 1/(7, 1), for all m G N. 
Thus, 

v{l,ni) — = 1-6, 

i(j,m+ 1) - i(7,m) - = 1 , 

s e(M) 

1/(7, 1)- 1/(7, m + l) + -^ = 1. 

Then both (2.8) and (2.9) hold. 

Here we notice that when M = iV"i(l,l), the left-hand side of the in- 
equality (2.8) can be improved by 1. We shall see this point in Theorem 2.3 
below. □ 

Case 2. 7 G V T (2) and M = 7(1) = Ni(l, -1). In this case by Theorem 6.7 
(or Theorem 3.4 of [31]), we have 

(2.19) e(M) = 2, K7,l) = l, 

(2.20) «(7,m) = mi (7, 1), m) = 1/(7, 1), for all m G N. 
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Thus, 

v{l,m) — = 0, 

i(7,m+l)-i(7,m)-i(7,l) = 0, 

1/(7, 1)- 1/(7, m+l) + ^^ = 1. 

Then both (2.8) and (2.9) hold. 

Case 3. 7 G P T (2) and M = 7(1) = -6) with b = 1 or 0. In this 

case by Theorem 6.7 (or Theorem 3.5 of [31]), we have 

(2.21) e(M) = 2, 1/(7, 1)=0, 

1 + (-l)m 

(2.22) *(7,m) = mi( 7 ,l)-- 



2 



Thus, 



1 + (_i)™ 

1/(7, m) = : , for all m G N. 

w ; 1 + 6 



e(M) (-iy 

1/(7, m)- 



2 1 + 6 ' 

i(7,m + l)-i(7,m)-i(7,l) = (-l) m , 

, , e(M) (-l) m + 6 

I /( 7 ,1)- V ( 7 ,m + 1) + -^ = l + b ■ 

Then both (2.8) and (2.9) hold. 

Case 4. 7 G P r (2) and M = 7(1) = iVi(-l,l). In this case by Theo- 
rem 6.7 (or Theorem 3.5 of [31]), we have 

(2.23) e(M) = 2, 1/(7, 1) = 0, 

(2.24) i( 7 ,m) = mi (7, 1), 1/(7, m) = ^ — — , for all m G N. 



Thus, 



. e(M) (-l) m -l 
i/( 7 ,m)--y^ = ^-L <0, 



i(j,m + 1) — i( 7 ,m) — i( 7 , 1) = 0, 
/ \ , x e(M) l-(-l) r 

Then both (2.8) and (2.9) hold. 

Case 5. 7 G P r (2) and M = 7 (1) = D{2) or D(-2). In this case by 
Theorem 6.7 (or Theorem 3.6 of [31]), we have 

(2.25) e(M) = 0, 1/(7, 1) = 0, 

(2.26) 4(7, m) = mi (7, 1), 1/(7,771) = 0, for all m G N. 
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Thus, 



1/(7, m) 



e(M) 



0, 



i(7,m + l)-i(7,m)-i(7,l) = 0, 
i/( 7 , 1)- i/( 7 , m+l) + ^^ = 0. 

Then both (2.8) and (2.9) hold. 

Case 6. 7 G 7> r (2) and M = 7(1) = i?(0) /or some G (0,vr) U (ir,2ir). 
In this case by Theorem 6.7 (or Theorem 3.7 of [31]), we have 



(2.27) 
(2.28) 

Thus, 

(2.29) 
(2.30) 



e(M) = 2, i/( 7 ,l 
i(7, m) = 771(2(7, 1) 

1/(7, m) = 2-20 



0, 

1 +2£ — -1, 



m6\ 
~2m) 



2vr / 

I , for all m G N. 



1/(7, m) 



e(M) 



i(7,m+l)-i(7,m)-i(7, 1) = 2 ( E 1 

e(M) 



(2.31) v ( 7 ,l)- I/ ( 7 , m +l) + 



1 

(m + l)8 
2^ 

{m + l)9 
2^ 



to0 
2^ 



2<p 



Note that 
(2.32) 2 ^E ^ 



(m + 1)0 
2^ 

1 - 2(j) 



m6\ 
m + 1)0 



„ / m8 

E 

V 2vr 

I + 2 ( E 



1 



(m + 1)0 N 
2^ , 



= 2 K^t 1)g )- 1 - 2 ( g (^)"[ (m 2t 1) 1) 



2^ 
(m + 1)0 



2tt 



m0 



2vr 



(2.33) 
and that 
(2.34) 

(2.35) 

With (2.29)-(2.33), we obtain (2.8) and (2.9). 

Case 7. 7 G P T (4) and M = 7(1) = N 2 (uJ,b) for some to G U \ R is 
nontrivial. In this case by Theorem 6.7 (or Theorem 4.5 of [31]), we have 

(2.36) e(M) = 4, 1/(7, 1) = 0, 



/m0\ 


"(m + 1)0" 


V2W " 


2tt 





'm0~ 




)- 


. 2vr_ 


) 


"(m + 1)0" 




2vr 


> 


0, 




> 


0. 
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(TfiO \ 
~ 2, 



Thus, 



1/(7, m) = 2-20 , for all m <E N. 



, e(M) n , fmO 

1/(7, m) — - = -20' 



2 V 2vr 



i(7 , m+ !)-»(,, m) - i(7 ,l) = ^((2+2?) -^(g) 
„ (7ll) _, (7 , m + 1) + £^) = ^(.(—V 



2vr 

Then both (2.8) and (2.9) hold. 

Case 8. 7 G V T {4) and M = 7(1) = N 2 {u,b) for some to G U \ R is 
trivial. In this case by Theorem 6.7 (or Theorem 4.6 of [31]), we have 

(2.38) e(M) = 4, ^(7, 1) = 0, 

— J, forallmeN. 



Thus, 



>. e(M) BJ /i 
KT,™)-^- 2 = -20 (^- 



e(M) o ^ 

i(7,m+l)-i(7,m)-i(7,l) = 0, 
, . , N e(M) /(m+l)0 



2vr 

Then both (2.8) and (2.9) hold. The proof is complete. □ 

Suggested by the study of Case 1 with b = 1 of the proof of Theorem 2.1, 
we have the following result. Note that by Lemma 1.3 such a consideration is 
useful for the study of closed characteristics on convex hypersurfaces in R 2 ™. 

Theorem 2.3. For n G N, r > 0, and 7 G V T (2n), set M = 7 (r). 
Extend 7 to [0, +00) fry (1-20). Suppose that there exist P G Sp(2n) and 
Q G Sp(2n — 2) snc/i i/iai 

(2.40) M = P _1 (iVi (l,l)o Q)P. 

XTien /or any m G N, 

e(M) 

(2.41) 1/(7, m) - + 1 < i(7,m + l)-i(7,m)-i(7,l) 

(2.42) < ^( 7 ,l)- z ,( 7 , m + l) + £^l. 



338 



YIMING LONG AND CHAOFENG ZHU 



Proof. Without loss of generality, we may set r = 1. Using the path <j>Q^ 
given in Section 6, for k £ Z we define 

(2.43) at) = N 1 (l,t), £(t) = (* ( f> 2knA {t), for all t € [0,1]. 
Then by Theorems 6.1 and 6.7 below, 

(2.44) = 2fc-l, 

(2.45) i(£,m) = 2mA; -1, i/(£,m) = l, for all m G N, 

Since Sp(2re — 2) is path connected, there is a path r] £ Vi(2n — 2) such that 
77(1) = Q. By (2.40), we can fix a k £ Z so that 

(2.46) 2fc - 1 + 7(77, 1) = 1) + 7(77, 1) = 7(7, 1). 
Pick a path 5 G V\{2n) such that g(l) = P. Define 

fc(a) = ff (s)" 1 Mc/(s), for all t £ [0, 1]. 

Then h connects M = 7(1) to iVi(l, 1) o Q = (f o r/)(l) within fi°(M). Thus 
by Theorem 6.2 below, 

7 ~i (£ o v) on [0, 1] along h. 
By extending this homotopy map to [0, 1] x [0, m] via iteration, we obtain 
7 ~i (^ <>r l) 011 [0,m] along h m , 

where h m {s) = h(s) m . Therefore by Theorem 6.1 below and (2.45), for any 
m £ N we obtain 

(2.47) e(M) = e(JVi(l,l))+e(Q) = 2 + e(Q), 

(2.48) 7(7, m) = m) + 7(77, m) = 2mA; — 1 + 2(77, m), 

(2.49) 1/(7, m) = m) + 1/(77, m) = 1 + 1/(77, m). 

Thus plugging (2.47)-(2.49) into (2.41) and (2.42), they become 

v{r},m) — ^Q- < 7(77, m + 1) — 7(77, m) — i(rj, 1) 

< 1/(77,1) -zy(7?,m+l) + ^, 

which follows from Theorem 2.2 for the path 77. □ 

We start our generalization of Theorem 2.2 from the following two lemmas. 

Lemma 2.1. For any uj £ U and M £ Sp(2n), denote by (p ul (M), g w (M)) 
the Krein type of uj £ a(M). Then 

(2.50) < u u (M)-S M {uj)<p u {M), 

(2.51) < v u (M) - S+ H < q u (M). 
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Proof. The left inequalities are proved by Corollary 4.13 of [29]. Denote 
by N the matrix on the right-hand side of (6.3) in Appendix 1, Theorem 6.5. 
Then 

MAO < PUM), q u (N) < q u {M). 

By Definition 6.2 of M « N and Theorem 6.6, we have v u (N) = v u (M), 
SJj(lu) = Sm((j), and S^(u) = S^(uj). Thus in order to prove the right 
inequalities of (2.50) and (2.51), it suffices to prove them when M is replaced 
by N. Then by Theorems 6.5 and 6.6 below, it suffices to prove them for each 
basic normal form given at the beginning of Appendix 1 and listed in (6.3) 
below. This is a direct verification via Theorem 6.5 below and thus is left to 
the readers. □ 

Lemma 2.2. Let ylcU and A' = U \ A. Suppose A is symmetric with 
respect to R; i.e., u> £ A implies uj £ A. Then for any M £ Sp(2n), 

(2.52) £ (u u (M) - S M (u)) + £ S M (co) < 

Proof. Fix M £ Sp(2n). Let e(M, A) denote the total algebraic multiplic- 
ity of all eigenvalues in A n a(M). For any uj £ a(M) n U, denote its Krein 
type by (p ul (M),q U! (M)). Since A is symmetric with respect to R, so is A'. 
Note that by the definition of the Krein type, 

Pu{M) = quj(M), for all u £ U. 

Therefore we have 

\- ,,,x e(M, A) e(M, A') 

(2.53) 2^ p w (Af) = , 2^ 9«( M ) = 2 ' 

weA weA' 

Together with Lemma 2.1, this yields 

weA 

Using Lemma 4.10 of [29] and Theorem 6.6 below, 

u,eA' Z 

Thus (2.52) holds. □ 

Next we can give the following generalization of Theorem 2.2. 

Theorem 2.4. With n £ N, r > 0, and 7 e V T (2n), set M = j(t). 
Extend 7 to [0, +00) by (1.20). Then for any m\ and m,2 £ N, 
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(2.54) 1/(7, mi) + 1/(7, m 2 ) - (m 1 ,m 2 )) - ^Ml 

< i(j, mi + m 2 ) - mi) - m 2 ) 

(2.55) < ^Ml + z/ ( 7) (rai,m 2 )) - ^(7, mi + m 2 ), 

where (mi,m 2 ) is the greatest common divisor of mi and m 2 . 
Proof. Fixing mi and m 2 G N, define 

= ^(^ ! T^)-^(^)-^(^). for all ^[0,2.), 

5 = {g€[0,27r)| (roi + m2)g €Z an d^g g gz}, 

L> = {#£ [0,27r)|* miiTO2 (e) = 0}, 
£>' = {^G(O,27r)|* miim2 (0)^O}. 

Note that we always have Vl/ m (0) = or -1, OeicD and i? C D'. 
By Theorem 2.1, we have 

(2.56) mi + m 2 ) - mi) - m 2 ) 

= (s+(l) + C(M))+2 E * mi , m2 (^(e^) 

ee(o,27r) 

= ^m(I) +( E (^) +T,S M (e^ 9 )) 

\6»e-D\{0} 0£D> ) 

"2 E *M (^) 

6»eD' 

= E *M (e^) " E *M (^) • 
6»eD eeD' 

By Lemma 2.2, noting that both A and B are symmetric with respect 
to R, we obtain 



(2.57) E ^o(M) - E S M (e^=") + E 5 m 
6»eA ee-D 6»eD' 

< E (- e V-AM) - S M (e^)) + E S M (e^) < 
6»eA eeA' 

(2.58) E S M (^) + E ^e(M) - E % ( e ^») 
eeD eeB eefl' 

< E Sm (^) + E W " S M (e^)) < 

6»eB' 6»G_B 
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By the definitions of A and B, we have 

(2.59) f(7,™i) + v(l,m 2 ) - 1/(7, (mi,m 2 )) = 51 *V=Te(7), 

(2.60) 1^(7, (mi,m 2 ))-i/(7,mi + m 2 ) = ^ ^^0(7). 

6»eB 

By (2.56) we have 

(2.61) 1(7, mi + m 2 ) - 1(7, mi) - 1(7, m 2 ) 

= E *M (^) - E *M (e^) 
0GD 6eD' 



eeA 



[ E -ev^(M) - E (^) + E 5 M (^)) 



Thus by (2.57) and (2.60), this implies (2.54). 
Similarly, we have 

(2.62) i(j, mi + m 2 ) - 7(7, mi) - m 2 ) 

= E *m (^) - E S M (e^) = E - e ^(M) 
0eD 6»eD' 6»eB 

+ f E S m (e^) + E -eV^e(M) - £ 5 M (e^ 
\6»eD 6»eB 6»eD' 

Thus by (2.58) and (2.60), we obtain (2.55). 

The proof is complete. □ 



3. The injection map p 

In this section, we make precise the correspondence between effective in- 
tegers and iterations of closed characteristics. This correspondence is given by 
the map p defined by the following lemma. 

Lemma 3.1. Suppose #J{Y,,a) < +00. Then there exist an integer 
K > and an injection map p : N + K — > Voo(S, a) x N such that 

(i) For any k G N + K, (r, x) G i7(£, a) and m G N satisfying p(k) = 

([(r, x)],m), (1.44) and (1.45) /10/d, and 

(ii) For any fcj 6 N + ii", &i < fc 2 , (jj,Xj) G a) satisfying p{kj) = 

([(Tj,Xj)],mj) with j = 1,2, 

(3.1) z(xi,mi) < i(x2,m 2 ). 
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Proof, (i) By Theorem V.3.4 of [12], for each fe G N, there is a (r, x) G 
i7(S, a) such that (r, x) is (m, fe)-variationally visible for some m G N, i.e. 
[(r, x)] G V(S,a). We define a map pi : N -»■ V(S,a) x N by pi(fe) = 
([(t, x)],m). Since < +00, (1.55) holds by Theorem V.3.4 of [12], i.e. 

Cj < Ck < whenever j < k. Thus if pi(j) = p\(k) = ([r, x)],m) for some 
j < fe, by (1.44), we obtain 

Cj = /«,) = c fe- 

This contradiction proves that p\ is injective. 

Since *J7"(S) < +00, there exists an integer if > such that all critical 
values Cfc+x with fe G N come from iterations of elements in Voo(S,a). Thus 
pi(k + K) G Voo(S, a) x N for any fe G N. We define 

(3.2) p(k)=p 1 (k), for all fe G N + K. 

Then p is injective, and (1.44) and (1-45) hold. 

(ii) By Theorem V.3.11 of [12] we have 7 = 7~(S) = 7 + (£) > 0, where 
7 ± (E) are defined by (V.3.62)-(V.3.65) of [12] as follows: 

7+(E) = C- 1 limsup((-c fc ) (2_a)/Q fe) _1 , 

7"(E) = C" 1 lim inf ((— Cfc)^ 2 -^/ 01 *;)- 1 , 

with Cq, = ^(1 — f) - " - . Thus we have 

2-q 1 

(3.3) lim fc|cfc| « C a = — . 

fc^+oo 7 

For fe G N + K, let p(fe) = ([(r, x)],m) for some [(x,r)] G Voo(£,a) and 
m G N. Then (x,r) is (m, fe)-variationally visible. So by (V.3.45) of [12], 

c k = /«J, 
|c fc |^ = 2{C a mA{T,x))- 1 = 2{C a A{mT,x m ))-\ 

where A(r,x) = \ J Q T (x, Jx)dt. Note that by Lemma V.3.12 of [12] and (1.28), 
there holds 

i(x,m) i(x, 1) 1 
A(mT,x m ) A(t, x) 7 

This implies 

c fc « z(x,m) = — -. 

7^q 

Since < c^+i < for fe G N, we get our results. □ 
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By Theorem 2.3 and Corollary 1.2 we have 

Corollary 3.1. Fix £ G H(2n) and a G (1, 2). For any (r, x) G a) 
and m G N, 

(3.4) i(x, m + 1) — i(x, m) > 2, 

(3.5) i(x, m + 1) + u(x, m + 1) — 1 > i(x,m + 1) > i(x,m) + v(x,m) — 1. 

(3.6) z(x,l) > 2. 

Proof. It suffices to prove (3.6). By (3.4) and an induction argument, we 
obtain 

i(x,m) i(x,l) + 2m — 2 

— ^ > -i-^ , for all m G N. 

m m 

This implies (3.6). □ 

Remark 3.1. The sharpest estimate i(x, 1) > 2 for every (r, x) G JiT^^a) 
was first proved in Theorem 2 of [13] (cf. also Theorem 1.7.7 of [12]). A different 
proof was given by Lemma 6.7 of [31]. A third proof can be given by use of 
Corollary 2.1 above and the study of splitting numbers in [29]. 

4. The common index jump of closed characteristics 

The goal of this section is to prove the common index jump claim (1.58) 
as well as other related results. 

4.1. A common selection theorem. 

Theorem 4.1. Fix an integer q > 0. Let fii > and fa be integers for 
all i = 1, . . . , q. Let a^j be positive numbers for j = 1, . . . , /ij and i = 1, . . . , q. 
Let 5 G (0, tj) satisfying 

(4.1) <5max^<-. 

l<i<<3 Z 

Set 

(4.2) A = ft + X><J> fori = l,...,q. 

3=1 

Suppose 

(4.3) A>0, for alii = 1, . . . , q. 

Then there exist infinitely many (N,mi, . . . ,m q ) G N 9+1 such that 

(4.4) ruifa + E{m iai j) = N + A { , for all i = 1, . . . , q, 

3=1 

(4.5) mm{{miaij}, 1 - {m,;aij}} < 5, for all j = 1, . . . , m, i = 1, . . . , q, 

(4.6) rmctij G N if a itj G Q, 



344 



YIMING LONG AND CHAOFENG ZHU 



where 

(4.7) A,= ]T 1 

0<{m.iai } j}<5 

for all i = 1, . . . , q. 

Proof. Firstly, we reduce the claims (4.4)— (4.6) to a dynamical problem 
on a torus. Then we prove the existence of numbers (N, mi, . . . , m q ) by using 
properties of closed additive subgroups of tori. The proof is carried out in two 
steps. 

Step 1. Reduction to a problem on the torus. We consider the left-hand 
side of (4.4) first. Using the function </>(■) defined at the beginning of Section 2, 
we obtain 

Mi Mi 

(4.8) mi/3i + ^ E^a^) = miDi + ^ (4>( m i a i,j) ~ { m i a i,j}) ■ 

3=1 3=1 

To handle all the rational rotators, for 1 < i < q we require each mi having 
a factor M 6 N such that Mctij £ N whenever ctij £ Q for j = 1, . . . , fi$ and 
i = 1, . . . , q. Let M = 1 if no such a^j exists. 

To get the common integer TV G N, we replace mjDj in (4.8) by jjjj-MDi. 
To make mj an integer, we subtract the decimal part of jjjj- from itself. Be- 
cause of the requirement of our later torus problem and to keep more flexibility 
in our choice of N, we add a term Xi £ {0, 1} to it. This yields 

n r n i 

Here we define 

(4.10) mi = ^JL- +x ^M, for alH = 1, . . . , <?, 

where Xz = or 1 for 1 < i < q will be determined later. By this choice, (4.8) 
becomes 

(4.11) miPi+p^EirmOij) = N + (xi - {^ M a}) MD t 

Mi 

+ ~ { m i a ij}) ■ 

J'=l 

Now the claims (4.5) and (4.6) require that only the following three pos- 
sibilities for each term {m^aij} can happen: 
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(A) {niiaij} = if a,j € Q, 

(B) < {mjQ!jj} < (5 if ccjj G R \ Q, or 

(C) 1 - 5 < {niiaij} < 1 if aij G R \ Q. 

Note that (A) already holds by our choice of mis of (4.10). Suppose now 
that these three requirements are fulfilled by our choice of mis. Then we have 

(4.12) 

Mi 

(<t>{mia i:j ) - {miOij}) 

= + X + J2 (Hmaij) - {rrnaij}) 

ABC 

Yl 1_ Yl {m i a i ^}+ J2 ( l -i m i a i,j}) 

0<{m.iaij}<8 0<{m i a ii j}<6 0<1— {m.iaij}<5 

= Ai - { m i a i,j} + X) ( 1 ~ i m i a i,j})- 

0<{mia it j}<5 0<l-{m 4 Oij}<<5 

Thus (4.11) becomes 

Mi 

(4.13) m^ + Y E ( m i a id) 

3=1 



= N+( Xi - 
+A, 



MA )■ MD 



N 

ma 

{mm,j} 



0<{miCtij}<5 

Therefore 
(4.14) 

Here, to get (4.4) by (4.1) we need 



X (I- {miaij}). 

0<1— {mi aij}<5 



Mi 

mPi + X E ( m i a i,j) ~ N - A, 



< 



Xi 



N 
MA 



MDi + mS. 



(4.15) 



Xi 



N 
MA 



MA < J- 



(4.16) 



Next we estimate {mjajj}. By our choice of rrij in (4.10), 

TV 



M 
I A 



MA 



+ X 



+■ ) Oij 
TV 



.MA 

{A,,(iV) + ^(iV)}, 



Ma 



346 



YIMING LONG AND CHAOFENG ZHU 



where in (4.16), we set 

V ■ 1 

Bij{N) = [ \, 

and Xi,j = or 1 will be determined later. 

Assume now that we can choose TV G N such that 



(4.17) A iJ W = {^}-Xij, 



(4.18) 
(4.19) 



Xi 



l A J 


' ~ XiJ 


r * p 




{MDjj 



N 
MA 



Si 
3 ' 



Ma 



\Bij{X)\ < v> 



for a given 6i satisfying < Si < 5 < 1/2. Then if A id (N) + B itj (N) > 0, we 
obtain 

{m;a^} = Aij(N) + B id (N) < S ± < 5. 
If A itj (N) + Bij(N) < 0, we obtain 

{m i o iJ } = ^ iJ -(JV) + B iiJ -(JV)-(-l). 

That is, 

< 1 - {rmoij} = -(Ai d (N) + B id (N)) < Si < 5. 

Therefore to prove (4.4)-(4.6), by (4.15), (4.18), and (4.19), it suffices to 
prove that we can choose integers Xi an d Xi,j to be or 1 and choose infinitely 
many integers JVeN such that all the quantities 



(4.20) 



[Na 



h3 



A 



XiJ 



and 



N 
MA 



Xi 



can be made simultaneously as small as we want. 
Let n = q + J2t=i Hi, and 



(4.21) 



v = ( 



1 



"1,1 «1,2 



MA ' ' MD ? ' A A 



"l^l «2,1 

A ' A 



A 



G R n . 



Then the problem becomes, for any given small e G (0, min{<5, 1/3}), to find a 
vertex \ of the cube [0, l] n and infinitely many integers N G N such that 

(4.22) \{Nv}- X \ <e. 

This is a problem of the dynamics on the standard torus T n = R n /Z n . 

Step 2. Dynamics on a torus. To solve the problem (4.22), it suffices to 
note that the closure G of the set G = {{mt)J | m G Z} in T n forms a closed 
additive subgroup of the torus T n . Thus G is a product of a possibly lower 
dimensional torus and a cyclic group, and G contains the identity element 
of T n . 
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Define a dynamical system / : T™ — > T n by /(x) = x+7r(f) for all x G T n . 
We consider the a and w-limit sets of / which are defined as usual by 

a(x) = p| {f k {x) | k < -N} and u(x) = f] {f k {x)\k> N}, 
for all x G T n . 

If f G Q n , G must be the finite cyclic group generated by n(v). So we 
have a(0) = co(0) = G = G. 

If w G R" \ Q™, then we have *G = +00 and hence the limit sets a(0) 
and uj(0) are nonempty. By the definition of the limit sets and the fact G is 
an additive subgroup of T™, we have 

a(0) + Gc«(0), w(0)|Gcw(0). 

Since the limit sets are closed, 

a(0) + Gc a(0), w(0) + GCw(fl). 

Thus by the facts that a(0)Ucj(0) C G and that G is a closed additive subgroup 
of T n , 

(4.23) a(0) = u(0) = G. 

Therefore there always exist infinitely many N G N such that the point 
{Nv} is located in the open ball in T n centered at its identity element with 
radius e < 1/3. More precisely, we have proved that in the product space 
X = [0, l] n , there exist one vertex x of X and infinitely many N G N such 
that 

(4.24) {Nv} G B £ (x)nX, 

where B £ (x) ={1/6 R n | \y — x\ < e}. Now we define % = %, and then (4.22) 
holds. 

The proof is complete. □ 

In order to prove Theorem 1.4, we need to know more about the possi- 
ble choices of the vector \ hi Theorem 4.1. The following result gives this 
information. 

Theorem 4.2. Fix v = (vi,...,v n ) G R n . Let H be the closure of 
{{mv} I m G N} in T n and V = Tqtt~ 1 H be the tangent space of ir~ l H at the 
origin in R ra , where it : R n — ► T n is the projection map. Define 

(4.25) A(v) = V \ U, fceR \ Q {x = (xi, ...,x n )eV\x k = 0}. 

Define ip(x) = when x > and ip(x) = 1 when x < 0. Then for any 
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a = (ai, . . . , a n ) G A(v), the vector 

(4.26) x = (V(ai),...,VM) 

makes (4.22) ZioWs /or infinitely many JVeN. 

Moreover, this set A(v) possesses the following properties: 

(a) / 0. 

(b) Mien « G Q n , then V = A{v) = {0}. 

(c) When v G R" \ Q n , tfjera dim V > 1, g A(v) C V, = -A(v), and 
A(y) is open in V. 

(d) When dimV = 1, tfien = V \ {0}. 

(e) When dimV > 2, is obtained from V by deleting all the coordinate 
hyperplanes with dimension strictly smaller than dimV from V, espe- 
cially dimA(v) = dimV. 

Proof. If v G Q n , H is a cyclic subgroup of T n . We then have V = {0}. 
Thus A(v) = V = {0}. 

Suppose v = (vi, . . . , v n ) G R n \Q n . Then if is a closed additive subgroup 
of T n which is a product of a torus with a cyclic subgroup of T n . By the 
definition of V, we have dimF > 1. For any a = (a\, . . . , a n ) G V, 

ai ^ only if v\ G R \ Q. 

When Vi G R \ Q, there exists a = (ai, . . . , a n ) G F with aj / 0. Thus for any 
a G the point % defined by (4.26) gives a vertex % of X = [0, l] n which 

is in the closure of {{mv} | m G N} in X. Therefore (4.22) holds for infinitely 
many N G N and for this X- 

The claims (a) to (e) follow from this argument, and their proofs are 
therefore omitted. □ 

4.2. The common index jump of symplectic paths. The following is the 
main result of this subsection. 

Theorem 4.3. Let 7^ G V Tk (2n) for k = 1, . . . ,q be a finite collection 
of symplectic paths. Let = 7(7^). Extend 7^ to [0, +00) by iteration via 
(1.20) for k = 1, . . . , q. Suppose 

(4.27) i( 7fc ,l)>0, for allk = l,...,q. 

Then there exist infinitely many {N,m\, . . . ,m q ) G N 9+1 such that 

(4.28) v{ lk ,2m k -\) = u{ lk ,l), 

(4.29) K 7fc ,2m fc + 1) = Hlk,l), 
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(4.30) i( lk ,2m k -l) + v( lk ,2m k -l) 

= 27V- (i( 7fc ,l) + 2S^ fc (l)- I /(7fc,l 

(4.31) i{ lk ,2m k + l) = 2N + i{ lk ,l), 

(4.32) i(lk,2m k ) > 2N - > 2N - n, 

(4.33) i{ lk ,2m k ) + v{ lk ,2m k ) < 2N + < 2N + n, 

for every k = 1, . . . , q. 

Proof. We complete the proof in four steps. 
Step 1. Application of Theorem 4.1. Set 

9e(0,27r) 

: i(7fc,l)+S+ fc (l)-C fc , 

(4.37) /(fc,m) = m ft + £ ^ W (>^) 

6>e(0,27r) V 7 

for A; = 1, . . . , q and m 6 N, where a(M k ) denotes the spectrum of M^. 
By the definition of I(k,m), we rewrite it as 

(4.38) /(fc,m)=mp fc + £ £ E ( ^- ) . 

ee(o,27r) j=i 



(4.34) 


5 


(4.35) 


Cfc 


(4.36) 





7T 



Note that by (4.27) and Corollary 2.1, for every k = 1, . . . , q, 



(4.39) 0<i( lk ,l)= Pk + ]T -5^ fc 

ee(0,27r) 



Now in the statement of Theorem 4.1, other than the integer q, we set 

(4.40) 5 € (0,<Jo), A = ft, 

//j = ^ S^. (e^ 19 ^ , A = ^(7i 5 1), for all 1 < i < q, 

ee(0,27r) 

(4.41) ctij = where e^ 10 ' G cr(Mj), for all 1 < j < m, 1 < i < q. 
Note that |Uj is a nonnegative integer by Corollary 4.13 of [29]. 
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By (4.39), the condition (4.3) of Theorem 4.1 holds. Applying this theorem 
to I(fc,m)'s for k = 1, . . . , q and any 5 G (0, <5o), there exist infinitely many 
(TV, mi, ... , m q ) G N 9+1 such that 



(4.42) 
(4.43) 

(4.44) 
(4.45) 



I(k,m k ) = N + A k , 



mm 



m k 6 



7T J 



7T 



<<5, if e v - 19 G <j(M), 



G Z, if - G Q n (0, 2) and e v ~ iy G <r(M fc ), 

7T 7T 



A, = E *M fc ( e ^) , 

Q<{rn k e/ir}<5 

for A; = 1, . . . , q. 

Step 2. Verifications of (4.28) and (4.29). Whenever e^^ 3161 G a{M k ) 
and | G Q n (0,2), by (4.44), we always have 2m k 9 G 27rZ. Thus for any 
such 6, 

2m k e±0£ 2ttZ. 

Since the change of the nullity happens only when iterations of some eigenvalues 
in U \ {1} hit 1, we obtain 

v(lk: 2m k - 1) = K7fc> 2m k + 1) = "(ik, !)• 

Thus (4.28) and (4.29) hold. 

Step 3. Verifications o/(4.30) and (4.31). By Theorem 2.1, (4.42), (4.28), 
and the definition of I(k, m), 

(4.46) i( 7fc , 2m k - 1) + i/( 7fc , 2m fc - 1) 

= 2I(k,m k ) - (i( 7fc , 1) + 5+ fc (l) - C fc ) - (s+ fc (l) + C fc ) 
-2 J2 C-(m k ,e)S Mk (e^~ w )+^ 7k ,l) 

6>e(0,27r) 

= 2(iY + A fc )-(z( 7fe ,l) + 25+ (i; 



where we define 
(4.47) 



-2 ]T e-(m fe ,^ fc (e^)+K7ifc,l), 

0e(O,27r) 



/2m fc g\ / (2m ifc -l)g 
V 2vr / V 2vr 



{^} 



+ 



\ 7T 



7T 



+ 



m k t 

TT 



2tt) 



E 



{m k e\ e\ 

I TT J 2tt) 
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Note that £-(m k ,0) takes only the value or 1. To evaluate £-(m k ,0) for 
any G (0, 2ir) and e^~^ e E a(M k ) with some k € {1, . . . , q}, we consider the 
following three cases: 

Case 1. {^} = 0. By (4.47) and the definition of the function E(-), 
we have £,-(m k ,0) = 0. 

Case 2. {^} e (0,(5). Since (5 e (0,<5 ), by the definition (4.34) of <5 , 
we obtain 

/Ml 

Thus, £_(m fc ,0) = 1. 

Case 3. {^} > 8 and (e^ e ) > 0. By (4.43), 

'-'<{=*}<* 

must hold. Thus by the fact 5 G (0, <5o) and the definition (4.34) of Sq, 

(m k 0) r 

\ — — ^ — — >1 — 5- — >0. 

So in this case we have £-(m k , 0) = 0. 

Therefore only in the above case 2, the term £_(mfc, 0) makes contribution. 
Together with (4.46) and (4.47), 

i{ lk ,2m k -l) + u{ lk ,2m k -l) = 2(N + A fc ) - (i(>y k , 1) + 2S+ k (1)) 

- 2A fe + i/( 7fc , 1) 

= 2iV-(z( 7fe ,l) + 25+ fc (l)-K7fc,l))- 

This proves (4.30). 

Similarly, 
(4.48) 

i{ lk ,2m k + l) = 2I(k,m k ) + (i( lk ,l) + S+ k {l)-C k ) 

- (s + Mk {l) + C k )+2 £ i + {m k ,0)S Mk (e^ lb 

6»e(0,27r) 



where £ + (m k ,0) = _g( ( 2m fc+ 1 ) e ) _ E( 2 ™£ e ). Similar to our discussion above, 
t; + (m k ,0) = 1 in cases 1 and 3 above, and £ + (m k ,0) = in case 2. Thus from 

(4.48) we obtain 

(4.49) i( lk ,2m k + l) = 2(N + A k ) + (i( lk ,l)-2C k ) + 2(C k -A k ) 

= 2N + i( lk ,l). 

This proves (4.31). 



352 



YIMING LONG AND CHAOFENG ZHU 



Step 4. Verifications of (4.32) and (4.33). By the inequality (2.9) in 
Theorem 2.2 and (4.29) as well as (4.31), 

i(j k ,2m k ) > i(j k , 2m k + 1) - i(j k , 1) - e ^ k ^ 

e(M k ) 

= 2N — — 

2 

> 2N - n. 

This proves (4.32). 

By the inequality (2.8) in Theorem 2.2 as well as (4.31), 

(4.50) i{ lk ,2m k ) + v{ lk ,2m k ) < i{ lk , 2m k + 1) - i( 7fc , 1) + 

= 2N + 



2 

< 2N + n. 

This proves (4.33) and the proof is complete. □ 

By Lemma 1.3, the following consideration is useful for the study of closed 
characteristics. 

Theorem 4.4. Under the conditions of Theorem 4.3, further suppose 

(4.51) M k = P k 1 (N 1 (l,l)oG k )P k 

for some P k G Sp(2n) and G k £ Sp(2n - 2) holds for 1 < k < q. Then (4.33) 
can be improved to 

(4.52) i( 7fc , 2m fe ) + i/( 7fc , 2m fe ) < 2iV + - 1 < 2iV + n - 1. 

Proof. In Step 4 of the proof for Theorem 4.3, we use the inequality (2.41) 
in Theorem 2.3 as well as (4.31), and obtain 

e(M k ) 

t{-f k ,2m k ) + z/( 7fc ,2m fc ) < z( 7fc , 2m k + 1) - i(j k , 1) H 1 

e(M fc ) 

= 2N+ - 1 

< 2iV + n-l. 

This proves (4.52). □ 
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5. Proof of the main results 

Fix S G H(2n) and a £ (1,2). 

Lemma 5.1. (i) £? n (£) defined by (1.6) does no£ depend on the choice of 
a €(1,2). 

(ii) For any s > and £ G Tt(2n), g n (sT,) = a n (S). 

Proof, (i) follows from Proposition 1.7.5 of [12] and from a similar proof 
for the index functions and splitting numbers. 

(ii) Let C be the convex compact set bounded by S. By definition, 

jsc(x) = s'^-jcix), 

H s ^ a (x) = j sC (x) a = s' a H^ a ( X ). 

Let (r, x) G j7(S,a). Then r is the minimal period of x and i?s,a(x(i)) = 1. 
Set y(i) = sx(s _2 i). Thus s 2 t is the minimal period of y and H s -£ :a (y(t)) = 1- 
Since x = J-ff^ Q (x), 

y(t) = s- 1 JH^ a (x(s- 2 t)) 
= s- a JH^ a (sx(s- 2 t)) 

So we have (s 2 t, y) G i7(sS,a). Therefore the map from J7(S, a) to i7(sS,a) 
defined by (r, x) i— > (s 2 t, sx(s _2 i)) is a bijection. 

Let 7 X be the associated symplectic path of (r, x). Then, 

ji x (s-H) = S ' 2 JH'^ a {x( S 'H)) lx ( S 'H) 



= s~ a JH'x, a (sx(s~ 2 t)) Tx (s- 2 t)) 
= JH'^ a {y{t)) lx (s~ 2 t)). 



So the associated symplectic path of (s 2 r,y) is j y (t) = r y x {s 2 t). Hence the 
lemma follows. □ 

Theorem 1.1 is contained in the following result. 

Theorem 5.1. Let £ G H(2n) and 1 < a < 2. Suppose *J(T I ) < +oo. 
Taen 



(5.1) min { # Voo(S,a),n} > £>„(£) > 



+ 1. 
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Proof. The proof is given by the following three claims. 
Claim 1. # Voo(S,a) > £>„(£). 

By Lemma 3.1, there exist an integer K > and an injection map 
p : N + K -> Voo(S, a) x N such that 

(5.2) i(x, m) < 2A; — 2 + n < i(x, m) + z/(x, m) — 1 

holds for any G N + K, (r,i) G i7(X, a) and = ([(r, x)], m). Denote the 
elements in Voo(S,a) by 

Voo(S,a) = {[(rj,Xj)] I i = I,-- - ,<?}, 

where (Tj,Xj) £ J(Y>,a) for j = l,...,q. By Lemma 1.3 and (3.6) of Corol- 
lary 3.1, we can apply Theorems 4.3 and 4.4, and obtain infinitely many 
(N, mi, ... , m q ) £ N 9+1 such that 

i 

(5.3) n^ny-ifa'^) 3 [2iV- Kl ,2iV + K2 ], 
i=i 

<? 

(5.4) [J Iton^Xj) C [2iV-n,2AT-2 + n], 

where ki = Ati(S,a) and k 2 = K2(S,a) are defined by (1.59) and (1.60) re- 
spectively. Recall that the m th index interval T m {r,x) and the m th index 
jump Q m (r,x) of (r, x) are defined by (1.46) and (1.56) respectively. Since S 
is strictly convex, (1.38) holds by Corollary 1.2 for every Xj with 1 < j < q. 
Specifically, this yields 

(5.5) K2 > ra — 1. 

Set p(iV — s + 1) = ([(Tjt s ),Xj^], m(s)) with j(s) G {1, . . . , </} and m(s) G N 
for s = 1, . . . , n (£). Then by definition of the map p in Lemma 3.1, 

(5.6) z(xj( s ), m(s)) < 2N — 2s + n < i (xj^, m(s)j + v (xj^, m(s)j — 1. 
Because £„(£) = and (5.5), 

(5.7) 2N-m < 2N-2[^^]+n 

(5.8) < 2N-2s + n 

(5.9) < 2iV - 2 + n 

(5.10) < 2N + K 2 , 

for s = 1, . . . , Q n (Yi). From the definition (1.56) of the index jump, (5.3), (5.6), 
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and (5.10), we obtain 

(5.11) i (x j(s) ,2m j(s) -l)+v (x j{s) ,2m j(s) - lj - 1 

< 2N - ki 

< 2N - 2s + n 

< i (x j(s) ,m(s)) + u{x j{s) ,m{s)) - 1, 

and 

(5.12) i (x j(s) ,m(s)) < 2N-2s + n 

< 2N + k 2 < i (x 3 -( s ),2m j(s ) + l) . 
Comparing (5.11), (5.12), and (3.5) of Corollary 3.1, we obtain 

(5.13) 2m j(s) - 1 < rn{s) < 2m j ^ + 1. 
Hence m(s) = 2m^ s y, i.e., 

(5.14) p(N - s + 1) = ( {T-j( s ),x j{s) ) ,2m j(s) ), for s = 1, . . . , 

Since the map p is injective when #J(Y<) < +oo, these j(s)'s are mutually 
different for s = 1, . . . , £ ra (£). Therefore, 

<7 > ^rt(S). 

This proves Claim 1. 

Claim 2. g n (T,) < n. 

In fact, if Qn^X) = [ Kl 2 n ] > n ) we must have K\ > n + 2. Denote by 
([(Tj,:Ej)],m) =p(N — n). Then 

i(xj,m) < 2(N — n) — 2 + n < i(xj,m) + u(xj,m) — 1. 

By (5.3), 

i(xj, 2mj — 1) + ^(xj, 2m.,- — 1) — 1 < 2N — k\ 

< 2(N - n) - 2 + n 

< i(xj, m) + ^(xj, m) — 1, 

and by (5.4), 

i(xj,m) < 2(N -n)-2 + n<2N-n< i(x,2mj). 

Hence by Corollary 3.1, we have 2m j — 1 < m < 2m j. This contradiction 
proves Claim 2. 
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Claim 3. g n (T,) > [§] + 1. 

Let (r, x) G J"(S,o;) and 7^ be its associated symplectic path. In the 
following, we estimate i(x, 1) + 25 + (x) — v(x, 1) + n. 

By Lemma 1.3, (1.50) holds for some P G Sp(2n) and M G Sp(2n - 2). 
By 1° and 2° of Corollary 4.14 of [29], the splitting numbers are constant on 
each homotopy component and symplectic additive. Thus by (1.50), 

(5.15) 25+ (x) - u(x, 1) = 25+ (11) (l) - 1)) + 25+ (1) - v\(M). 
By Theorem 6.6 below, 

0+ m - J 1 ' if a > 0, 
d iVi(i,a)W "\o, if o<0. 

Thus, 

(5.16) 25+ (la) (l)-^ 1 (Ar 1 (l,a))=a, for a = ±1,0. 
By Theorem 6.5, 

(5.17) M »7Vi(l, 1)^-0 7^ oiVi(l,-l)°P+oG, 

for some nonnegative integers p_, po ; an d P+ 5 an d some symplectic matrix G 
satisfying 1 o(G). By (5.16) and (5.17), we then obtain 

(5.18) 25+ (1) - vi(M) >P-- P+ >- P+ >l-n. 
From (1.38), (5.15), (5.16) with a = 1, and (5.18), 

1) + 25+ (x) - v(x, l) + n>n+l + (l-n)+n = n+2. 
So Claim 3 holds and the proof of Theorem 5.1 is complete. □ 
Next we give the proof for the nondegenerate case. 

Proof of Corollary 1.1. By the definition of £> n (£), (1.9), and Theorem 5.1, 
we obtain (1.10). 

If (r, x) £ i7(S, a) is nondegenerate, we must have 1 g" a(M) in (5.15). 
Thus by (5.15) and (5.16), we obtain 25+(x) - u T (x) = 1. This and (1.38) give 
(1.9). Now, (1.10) holds and by (1.7) this implies (1.11). □ 

Corollary 5.1. Let E e H(2n) and a G (1, 2). Assume #J(£) < +00. 
T/ten £/iere exists an element [(r, x)] G Voo(S,a) wii/i i T (x) = n. 

Proof. We use notation introduced in the proof of Theorem 5.1. Let 
([(tj, Xj)], m) =p(N+l). By the definition of p, we obtain [(rj,Xj)] G Voo(S,a) 
and 

(5.19) i(xj,m) < 2N + n < i(xj,m) + v(xj, m) — 1. 
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Thus by (5.3) and (5.4), 

(5.20) i(x j ,2m j ) + v(x j ,2m j )-l < 2N-2 + n 

< 2N + n 

< 2N + k 2 + 1 

< i(xj, 2mj + 1). 

Hence by Corollary 3.1, comparing (5.19) and (5.20) we obtain 2m j < m < 
2rrij + 1. Thus m = 2m j + 1. By (5.19) and (5.20) again, 

i(x,2rrij + 1) = 2N + n. 

Now by (4.31) of Theorem 4.3, 

i(x, 1) = i(x, 2mj + 1) - 2N = n. □ 

Remark 5.1. Although the global minimal point (t,x) of / on E satisfies 
i T (x) = n, it is not clear whether [(r, x)] G Voo(S,a). 

Now we come to the proof of Theorem 1.2. We will prove the following 
stronger version. For every (r, x) G j7"(S,a), the elliptic height e(x) of (r, x) is 
defined to be the elliptic height e(7 x (r)), where 7^ is the associated symplectic 
path of (r, x). 

Theorem 5.2. Let S G K(2n) and a G (1,2). Suppose *J{Y,) < +00. 
.By i/ie notation introduced in the proof of Theorem 5.1, and specifically, the 
proof of Claim 1 in the proof of Theorem 5.1, for each s = 1, . . . , f? n (£), there 
exists a unique j (s) G {l,...,g} such that p{N—s+l) = ([(Tj( s ), Xj( s ))], 2mj( s )). 
T/ien 

(5.21) e(x j(s) ) > 2|n-2s + 1| + 2, /or a// s = 1, . . . , &.(E). 
Specially, [(tj^, xj^)] is an elliptic element in Voo(S,a). 

Proof. By the definition of the injection map p in Lemma 3.1, we have 

(5.22) i(x j(s) ,2m iW ) < 2iV - 2s + n < i(x^ s) ,2m j{s) ) + z/(x j(s) , 2m i(s) ) - 1. 
By (2.41) of Theorem 2.3 and (4.31) in Theorem 4.3, 

i (x j(s) , 2m j{s) ) + v (x i(s)l 2m i(s) ) 
-i (xj( s ),2m i(s) + l) + i (x j(s) , l) + 1 

i (sj( s ),2m i(s )) + 1/ (xj (s ), 2m j(s) ) - 2N + 1 
2iV - 2s + n + 1 - 2iV + 1 
n - 2s + 2, 

where (5.24) follows from the right-hand inequality in (5.22). 



(5.23) e ±mp^l > 

> 

(5.24) 
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On the other hand, by (2.42) in Theorem 2.3 

e(r j(s) ,x j(s) ) 



- i (x i(s ),2ra i(s) ) - i (x j{s) , l) - v (x j{s) , 1 



By (4.29) and (4.31) of Theorem 4.3 and the left-hand inequality in (5.22), 

(5.25) e ±m^M> > 2N-(2N-2s + n) 

(5.26) = 2s - n. 

Now (5.24) and (5.26) yield (5.21). □ 

The following theorem implies Theorem 1.3. Note that by Theorem 5.1 
f? n (£) - 1 > [f ] always. 

Theorem 5.3. Let £ 6 H(2n) with n > 2 and a G (1,2). Suppose 
#J(Y,) < +oo. T/ien i/iere exisi /easi £ n (X) — 1 elements in Voo(S,a) swc/i 
t/iai eac/i suc/i an element [(r, x)] satisfies 

(5.27) i(rr,l)€R\Q. 

Specifically, such a closed characteristic [(r, x)] must possess at least a rotator 
on U in the sense of Theorem 2.1 with an irrational multiple of 2ir rotation 
angle. 

Proof. Since n > 2, we have £>„(£) — 1 > 1. Let 

Voo(S,a) = {[(r„x,)] |1 < J <g}. 

By (4.39) and Corollary 2.1, the Dj defined by (4.2) according to Step 1 of the 
proof of Theorem 4.3 satisfies 

(5.28) Dj = i( Xj , 1), for all j = 1, . . . , q. 

By Step 1 of the proof of Theorem 5.1, we obtain (TV, mi, . . . , m q ) £ N 9+1 such 
that the injection map p of Lemma 3.1 satisfies (5.14). Reordering elements in 
Voo(S,a) to simplify notation, we can assume 

(5.29) p(N-j + l) = {[r j ,x j ],2m j ), for all j = 1, . . . ,f? n (£). 
Thus by Lemma 3.1 and (1.28), 

(5.30) 2mkDf c — 2mjDj = 2mki(xk, 1) — 2rriji(xj, 1) 

= i(xk,2mi c ) — i(xj,2mj) 

< 0, if 1 < j <k<g n (X). 

Now it suffices to prove that among the first £ n (£) of Dj's, at most one 
of them is rational. We prove this claim indirectly by assuming 

(5.31) Dj and D k G Q, 
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for some j and k satisfying 1 < j < k < g n (T,). Then in our choice of 
(N, mi, ... , m q ) in the proof of Theorem 4.1, we require that JVeN further 
satisfies 

N 



(5.32) 



MD, 



€ N, for i = j, and k. 



Then the closure of the set {{Nv} \ N 6 N satisfies (5.32)} is still a closed 
additive subgroup of T h for some h G N. Thus (4.22) holds in the j th and fc th 
coordinates for infinitely many N, if we choose % to be a vertex of [0, l] h with 
Xj = Xk = 0. This implies 

W 1 " fcri-At. 



MA 



0. 



Therefore by the definition (4.10) of wij's, 



N 



M 



N 



for i = j, k. 



_MDi_ 
This yields 

(5.33) m jDj = N = rrikDk, 

contradicts (5.30), and completes the proof of the theorem. 



□ 



The following theorem shows the existence of multiple elliptic orbits and 
implies Theorem 1.4. 

Theorem 5.4. Let S G H{2n) with n > 2 and a G (1,2). Suppose 
#J(T,) < +oo and 



(5.34) 



# Voo(£,a)<2£„(£)-2. 



Then there exist at least two elliptic elements in Voo(S,a). 

In particular, by (1.8), there are at least two elliptic elements in Voo(S,a), 
provided 



(5.35) 



# V(E,a) < 2 



Proof. Let Voo(S,a) = {[(rj,Xj)} \ 1 < j < q}. Let v G R fc be the vector 
given by (4.21) according to quantities in (4.40)-(4.41) in the proof of Theo- 
rem 4.3. Let A(v) be the set given by Theorem 4.2 according to this v. 

We use notation introduced in the proof of Theorem 5.3. Note that by 
Theorem 5.1 and the fact that n > 2, q > £ ra (S) > 2. By Theorem 5.3, Dj 6 
R \ Q holds for at least [n/2] integers in {1, ... , q}. Therefore by Theorem 4.2, 

(5.36) dimA(v)>l, £ A(v). 

We continue our proof in two steps. 



360 



YIMING LONG AND CHAOFENG ZHU 



Step 1. For a given a G ^4(w), we define x = x( a ) = (V'( a i)) • • • > ^{ a k)) 
by (4.26). Let (N,m\, . . . ,m q ) G N 9+1 be given in Step 1 of the proof for 
Theorem 5.1 via an application of Theorems 4.1 to 4.3 with this \ = x( a ) used 
in their proofs. By the proof of Theorem 5.1, there exists a subset L(a,N) of 
{1, . . . , q} such that 

(i) 1 G L(a,N) and #L(a,N) = <?„(£), 

(ii) p(N) = ([(ti, x±), mi)] and x\ is elliptic; 

(hi) For each s = 2, . . . , £> n (X), there is a j( s ) £ M a > N) \ {1} such that 

p(N -s + 1) = ([T j(s) ,x j{s) ],m j{s) ). 

By Lemma 3.1, we have 
(5.37) miDi - mj-O,- > 0, for all j £ L(a, N) \ {1}. 

Assuming that there exists only one elliptic element in Vc*, (£,«), we al- 
ways get the same elliptic element [(ri,xi)] G Voo(^,«) for all a G ^4(f). 

By (5.36), we have —a G ^4(^)- By definition (4.26), we have x(~ a ) 
x(a). Thus by the proof of Theorem 5.1, for this vertex %(— a) we get (iV, mi, 
G N 9+1 and another subset L(—a, N) of {1, ... , q} such that Theorems 5.1-5.3 
hold, specially the above (i)-(iii) still hold correspondingly. 

By the assumption q < 2g n (T,) — 2 of (5.34), 



(5.38) 

Let 
(5.39) 



1< *((L(a,N)nL(-a,N))\{l}) < g n (E). 
Si 



to 



max Dj. 

l<j<q J 



6(|a| + l)(MA + l)' 

Note that in the proof of Theorem 4.1 we can further require N G N such that 
the vector {Nv} — x{ a ) defined by (4.22) and (4.21) are located in a sufficiently 
small neighborhood inside the open ball in V with radius <5i/(6MA + 1) and 
centered at ato; i.e., 



(5.40) 
(5.41) 



{Nv} - X (o) G V, 



Si 



where V = T ir 1 {{{Nv} \ N G N}) is as defined in Theorem 4.2. Under this 
requirement, we still have (4.22): 

*i . Si 



(5.42) 
(5.43) 



\MD 

Di 



Xi 



Xi,j 



< 



\ckt \ 



< \Oi,jt \ + 



6MA + 1 
Si 



< 



3MA' 



6MA + 1 - 3 ' 



COMPACT CONVEX HYPERSURFACES IN R 2 



361 



for infinitely many JVeN. Here Xi = " l P( a i) an d Xi,j 
is defined in Theorem 4.2. 



tp(aij); the function i/j 



Claim. ai-Di - ajDj = for all j G (L(a, iV) n L(-a, iV)) \ {1}. 
Assuming the claim does not hold, we prove it by contradiction. In fact, 
we can further require JV G N so that the following also holds: 



N 



MD k 



Xk - dkto 



to 



< — r mm 

3 A aiDi-ajDj^O 



diDi — a,jDj\, for all 1 < k < q. 



By our choice of (N, mi, . . . , m g ), we have 
(5.44) 

iV 



m\D\ — rrijDj 



= M 
= M 



MDi 
Xi - 



+ Xi)D 1 -M 



N 



+ X j )D j 



Xj 



f N 



(5.45) 



= -Mtoia^-ajD^ + M X i 



f iV 



iMDi 
+ a ^o J -Dj ; J ■ 



+ ait Di 



For any j G (L(o, iV) n L(-o, iV)) \ {1}, by (5.37) and (5.45), 

(5.46) oiDi < Oj-Dj. 

For any j > 1 satisfying j £ L(a,N) D L(—a,N), we apply the above 
argument to a and —a respectively and obtain aiDi < ajDj and — a±D\ < 
—ajDj. Therefore a\D\ = ajDj, and the claim is proved. 



Step 2. Set 

(5.47) 
(5.48) 



B(v) 



{a G V | aiDi = ajDj}, j = 2, . . . , q, 
A(v)\ (J Vj. 

Vj+V, j=2,...,q 



Since dimA(v) > 1, by Theorem 4.2, A(v) is obtained from V by deleting 
finitely many proper linear subspaces of V, and so is B(v). Hence B(y) is 
nonempty. 

Now we choose an a G B(v) and j G L(a,N) n L(—a,N) \ {1}. By the 
Claim in Step 1, we have ai-Di = ajDj. By definitions of a G B{y) and j we 
have Vj = V . 

By (5.40), the vector {Nv } — x defined by (4.22) belongs to V, and thus 
belongs to Vj. Then by definition (5.47) of Vj, this implies 

(5.49) = - Xl )D! - ({Nvj} - Xj )Dj. 
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By definition (4.21) of v, 

By (5.44), this implies m\D\ = rtijDj. Then it contradicts (5.37) and com- 
pletes the proof. □ 

6. Appendix 1. The Maslov-type index and its iteration theory 

In this section we give a brief review of the Maslov-type index and its iter- 
ation theory for symplectic matrix paths. We use notation already introduced 
in Section 1. 

Definition 6.1 (cf. [23] and [29]). For r > and uj G U, given two paths 
7o and 71 G V T (2n), if there exists a map 5 G C([0, 1] x [0, r], Sp(2n)) such 
that 5(0,-) = 7o(-)> <5(1>") = 7i(0) <5( s >0) = I, an d i^(<5(s,.)) is constant for 
< s < 1, then 70 and 71 are oj-homotopic on [0, r] along 5(-, r) and 70 ~ w 71. 
If 7o ~w 7i on [0, t] along <5(-,r) for all w £ U, then 70 and 71 are homotopic 
on [0, r] a/on# <5(-,r) and we write 70 ~ 71. 

We define 2x2 and 4x4 matrices 

D(a) =("?), W=( COS " " Sin J 
VI)-/ V sin y cos 



for a,X,c,6 G R, lj G U, and 6 £ £(R 2 ). They are called basic normal 
forms of symplectic matrices in [29] when a = ±2, 6* G R, A = ±1, c G R, 

1 G U \ R with 6 G R; b = ( 1 2 ) is a 2 x 2 real matrix with 



- ^ 



b% 64, 

&2 — ^3 / 0. In [29], a basic normal form matrix M G Sp(2n) is called trivial if 
a(MR((t - l)e) on ) n U = for e > small enough and t G [0, 1). Note that 
the normal forms N x (1,-1), iV"i(-l,l), D(±2), N 2 {uj,b) andN 2 {oJ,b) G X^(4) 
with u = exp(^\/— T) G U \ R and (62 — ^3) sin6 > are trivial, and all other 
basic normal form matrices are nontrivial. Here using Definition 1.2 we define 

Ml(2n) = {M G Sp(2n) | v u {M) = 1}. 

For any r > 0, n G N, and G Z, following [23], we define 

<M*) = ^(7)' fora11 te M. 

Xr{t) = £>(l + ^, for all t€ [0,r]; 
We also denote by iV^e 9 ^, 6) = i?(6>) for any 6 G R and 9 G R \ (vrZ). 
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The following theorem gives a characterization of our index function theory. 

Theorem 6.1 (Theorem 2.11 of [29]). For any r > anduj = exp(0 v / -T) 
G U, there exists a unique function i w : \J ne ^V T (2n) — ► Z satisfying the fol- 
lowing five axioms: 

1° (Homotopy invariant). For 70 and 71 G V T (2n), i/70 ~a; 71 on [0, r], 

£aen 

^(70) = ^(71)- 

2° (Symplectic additivity). For any 7 j G V T (2ni) with i = and 1, 

^(7o<>7i) = ^(70) 

3° (Clockwise continuity). For any 7 G V T (2) and lo G U satisfying 
7(t) = Ni(uj,b), there exists a 0q > swc/i i/iai 

iu{{l{T)(l>-e,T) * 7) = ^(7), / or a" < # < (9 . 

4° (Counterclockwise jumping). For any 7 G V T (2) and lo G U satisfying 
7(7") = N\(uj,b), there exists a 60 > st/c/i i/mi 

^((tW^.t) * 7) = *«(7) + 1, V < < #0- 
5° (Normality). 

iu>(Xr) = 0. 

Theorem 6.2 (Theorem 2.13 of [29]). For any too paf/is 70 and 
71 G V T (2n) with ^(70) = ^(71), suppose that there exists a continuous 
path h : [0,1] — > Sp(2n) saca i/iai n(0) = 7o(t), /i(1) = 71 (r), and 
dime kerc(/i(s) — ul) = v TiU }(lo) for all s G [0,1]. Then 70 ~ w 7i on [0, r] 
a/ono /i. 

Theorem 6.3 (Theorem 1.4 of [29]). For any r > 0, 7 G P T (2n) ; and 
fc G N, 

(6.1) *(7.fe)= H *w(7)> f(7>*0 = XI 

CJ fc = l LU k = l 

Theorem 6.4 (Theorem 1.5 of [29]). For any r > and 7 G V T (2n), 

(6.2) i( 7 , 1) ^ lim = i- / ^( 7 )dc. 

Specially, 1(7, 1) zs always a finite real number, which is called the mean index 
per r 0/ 7. 
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Definition 6.2 (Definition 1.1 of [29]). For any M G Sp(2n), define the 
homotopy set of M in Sp(2n) by 

n(M) = {N G Sp(2n) | a(N) nU = a(M) n U, and 

dime ker c (iV - XI) = dim c ker c (M - XI), for all A G cr(M) n U}. 

We denote by fi°(M) the path connected component of fi(M) which contains 
M, and call it the homotopy component of M in Sp(2n). Also, N ~ M if 
A?" G f2°(M). This is an equivalent relation in Sp(2n). The equivalent class of 
M in Sp(2n) is called the homotopy type of M. 

Theorem 6.5 (Theorem 7.8 of [29]). For any M G Sp(2n), we have 

(6.3) 

M « Ar 1 (l,ir-o/ 2po oAfi(l,-ir+oAT 1 (-l,ir-o(-/ 2go ) 

OJVi(-l, -1)° 9+ O R(9l) O • • • O #(0r) O N 2 (U!, «i) O • • • O JV2(w r „«rJ 

oJV 2 (Ai, «i) o • • • o AT 2 (A ro , u ro ) o M fc , 

where p_, j>0)P+> <?-> 9o 5 9+) r ) r *; r o 5 & are nonnegative integers; ujj = 
e y^iaj ^ ^ _ gv^Tft. ^ e rea / numbers 9j with 1 < j < r, with 1 < /i < r*, 
/3; with 1 < Z < ro, are in (0,7r) U (7t, 27r) provided the corresponding r, r*, 
or ro > respectively; N2(uJj,Uj) y s are nontrivial and N2(Xj,Vj) , s are trivial 
basic normal forms; M k = D(2) ok or D(—2) oD(2f^ 1 '. A// i/iese integers, 
real numbers, and basic normal form matrices are uniquely determined by M. 
It holds that 

(6.4) p_ + po + P+ + Q- + Qo + q- + r + 2r* + 2r + k = n. 

Definition 6.3 (Definition 4.8 of [29]). For any basic normal form M G 
Sp(2n) and u G U n a(M), we define the ultimate type (p, q) of u> for M to be 
its usual Krein type if M is nontrivial, and to be (0, 0) if M is trivial. When 
to G U \ a(M) with M G Sp(2n), we define the ultimate type of uj for M 
to be (0,0). For any M G Sp(2n), by Theorem 6.5 there exists a o-product 
expansion (6.3) in the homotopy component Q°(M) of M as: 

M w Mi o M 2 o • • • o M k o M , 

where each Mj is a basic normal form for 1 < % < k and o-(Mq) n U = 0. 
Denote the ultimate type of uj for Mj by (pj, %) for < i < k. Let p = X)i=oPi 
and g = X^=o We define the ultimate type of w for M by (p, q). 

The following theorem characterizes the splitting numbers algebraically. 

Theorem 6.6 (Lemma 4.5 and Theorem 4.11 of [29]). For any uj G U and 
M G Sp(2n), both S^(u) and (uj) are constants for any N G Q,°(M), and 

(6.5) Slj{uj)=p and S^(uj) = q, 
where (p, q) is the ultimate type of uj for M. 
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Theorem 6.7 (Theorem 1.3 of [31]). For r > 0, let 7 G P T (2n). In 
Theorem 6.5 we Zei M = 7(7-) and use the notation there. Then for any 
m G N, 

(6.6) m) = m(i(7, 1) + p_ + p - r) + 2 ^ £ y-^jrj ~ P- 

-po V^-te° + ?+)-r + 2 &hr " r ' 



1 + (-1)™ 

(6.7) 1/(7, m) = 1/(7, 1) + Y^ iq - + 290 + ?+) + 2 ^ (m ' 7(r)) ' 

where 

(6.8) ^„, tM ) = fr-t#f^ t )) + fr.-i;^ ,TO - 



, V 2vr / J \ 4-f r V 2vr 



2vr 

iZere i/ie functions E(-) and </>(•) are as defined at the beginning of Section 2. 



7. Appendix 2. The Fadell-Rabinowitz S 1 -cohomological index. 

(By John Mather) 

For a principal [/(l)-bundle E —> B, the Fadell-Rabinowitz index of i£ is 
defined to be 

sup^ld^-Vo}, 

where c\(E) G H 2 (B,Q) is the first rational Chern class. For a £/(l)-space, 
i.e., a topological space X with a Z7(l)-action, the Fadell-Rabinowitz index is 
defined to be the index of the bundle 

X x S°° x u{1) S°°, 

where 5°° — > CP 00 is the universal [/(l)-bundle. 
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